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Abstract

In this work, we introduced and studied a new kind of soft
generalized closed set in soft topological spaces with an ideal, which we
called soft strongly generalized closed set with respect to an ideal where a
soft subset (A,E) of a soft topological space with an ideal I, (X,t,E) is said to
be soft strongly generalized closed set with respect to an ideal 1 ,(briefly
SSlg- closed), if cl(int(A,E))-(B,E) &l , whenever (AE)< (B,E) and (B,E) is
soft open set. And denoted by SSlg-closed set . The complement of SSlg-
closed set is called an SSIg-open set.

We studied the properties of SSlg-closed set, then we used SSlg-open
set to define five kinds of derived sets, which are the SSlg-interior, SSlg-
closure, SSlg-derived, SSlg-border, and SSlg-boundary with their relations
and properties .

On the other side, we define new kinds of soft mappings between soft
topological spaces, like SSlg-continuous, Contra-SSlg-continuous, SSlg-
open, SSlg-closed and SSlg-irresolute mapping we studied the relations
between these kinds of mappings and the composition of two mappings of the

same type of two different types, with proofs or counter examples.
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Introduction
In (1970) Levine[8] introduced the concept of generalized closed

(g-closed) sets. From that year many authors used this notion to define other
kinds of weakly or strongly types of this set, or used it to prove many facts in
general topology.

The notion of ideal topological space was introduced in (1967). In
recent years ideals become a very important tool in topology, so many
researchers worked in this field like Hamlet T. R. and Jankovic D. (1988)[4] .

Soft set theory was first introduced by Molodtstov in (1999) [10], as a
generalization of fuzzy sets, soft sets are used as a tool to ideal with uncertain
objects. Recently, in (2014), the study of soft topological spaces was
introduced by Georgiou D. N., Megaritis A. C. [1], they used the concept of
soft set to define a topology, that leads to a new world in general topology.

The above concepts are used in this work, to define a new soft set in
soft topological space, called soft Strongly generalized closed set with
respect to an ideal in soft topological space , and is denoted by SSlg-closed
set .

This thesis consists of three chapters. Chapter one contains three
sections, we review the definitions of generalized closed and strongly
generalized closed sets, with their properties. We also found the collection of
these sets in some known spaces. In section two we give the preliminaries of
Ig-closed sets. In section three, we summarize the notion of soft set with
details about these sets, namely, intersection, complement and product. The
notions of absolute and null sets are also given, with some examples. The
concept of soft generalized closed set is reviewed in this section with
examples and properties.

Chapter two contains six sections. In section one, we give the concept
of strongly generalized closed set with respect to an ideal (SSlg-closed). We

proved many theorems and give many examples to explain some facts or
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disprove others, with details. In section two, we give the notion of SSlg-
interior of a soft set, with some facts and examples. In section three the
concept of SSlg-closure was introduced with details. In section four we
defined the SSlg-derived set with properties and examples. In section five, we
present the concept of SSlg-border. In section six we define SSlg-boundary
of a soft set with some properties.

Chapter three consists of three sections. In section one, we review
some definitions of g-mappings and g-homeomorphisms. In section two, the
concepts of soft mapping, soft continuous, soft open, soft closed and soft
homeomorphism mappings are introduced. In section three, we give the
definitions of SSlg-continuous, SSlg-open, SSlg-closed, SSlg-irresolute,
Contra-SSlg-continuous and SSlg-homeomorphisms. The composition of

these mappings are also discussed.



CHAPTER ONE
PRELIMINARY CONCEPTS AND RESULTS

In this Chapter , we review three different branches in general
topology, in order to mixed them in Chapters two and three. The first branch
Is the concept of generalized and strongly generalized closed sets. The second
is the concept of ideal on a topological space with the meaning of space with
ideal. The third branch is the definition of soft set in mathematics, then the
soft set in soft topological space. "The interior and the closure of a subset A of

a topological space (X,t) are denoted by int(A) and cl(A), respectively."[19]

1.1 Generalized closed sets and strongly generalized closed sets.

"Definition(1.1.1) :

Let A and B be two nonempty subsets in a topological space (X,7).
Then A and B are said to be separated if cl(A)nB=¢ and Ancl(B)=¢
"[19]
"Definition(1.1.2):

Let X be a topological space . A subset A of X is said to be

generalized closed (briefly, g-closed) set if cl(A)< U, whenever AcU and U
IS an open set.

The complement of a generalized closed set is called a generalized open
(briefly, g-open) set. "[15]

"Remark(1.1.3):

I- Every closed set in a topological space (X,t) is a generalized closed set.

Ii- Every open set in a topological space (X,t) isa generalized open set.
"[9]
"Theorem(1.1.4):
A set A is a g-closed set if and only if cl(A)-A contains no nonempty
closed subset. "[9]




Chapter One : Preliminary concepts and results

"Corollary(1.1.5) :

A g-closed set A is closed if and only if cl(A)-A is a closed set. "[9]
"Theorem(1.1.6):

If Aand B are g-closed sets, then AuB s an g-closed set. "[9]
"Remark(1.1.7):

The intersection of two g-closed sets in general is not a g-closed set .

"[9]
"Proposition(1.1.8) :

Let A be a g-closed set and suppose that F is a closed set. Then AnF
Is a g-closed set. "[15]
"Corollary(1.1.9) :

If A and B are separated g-open sets, then AUB is g-open. "[9]
"Theorem (1.1.10):

Suppose that B Ac X, Bis a g-closed set relative to A and that 4
is a g-closed subset of X. Then B is g-closed relative to X. "[9]
"Proposition(1.1.11):

If Aisag-closed setand A< B ccl(A), then B is a g-closed set. "[9]
"Proposition(1.1.12):

If int(A) = B< A and if Ais g-open, then B is g-open. "[9]
"Proposition(1.1.13):

Let AcY < Xand suppose that A is g-closed set in X. Then A is g-
closed set relative to Y. "[9]
"Proposition(1.1.14):

If AcY < X where A is g-open set relative to Y and Y is g-open set
relative to X, then A is g-open relative to X. "[9]
"Theorem(1.1.15):

In a topological space (X,t), t=¢ (the family of all closed subsets of X

) if and only if every subset of X is a g-closed set."[9]

4



Chapter One : Preliminary concepts and results

"Theorem(1.1.16):

A set A is g-open if and only if F cint(A)whenever F is closed set
and F cA."[9]
"Definition(1.1.17):

For the subset A of a topological space X, the generalized closure

operator cly(A) is defined as the intersection of all g-closed sets containing A.
II[15]
"Proposition(1.1.18) :

Let A and B be two g-closed sets and suppose that A® and B are

separated. Then AnB is g-closed. "[9]
"Theorem(1.1.19) :

A set A is g-open in (X,7) if and only if B = X whenever B is open and
int(A)UA B ."[9]
"Theorem(1.1.20):
Let A be a subset of a topological space (X,t). Then A is g-closed if

and only if cl(A)— A is an g-open set. "[9]
"Definition(1.1.21):
Let (X,r) be a topological space and A be a subset of X , then A is

strongly generalized closed set (briefly sg-closed) if cl(int(A)) = U whenever
AcU and U is an open set. The complement of an sg-closed set is called a
Sg-open set. We denote the family of all strongly generalized closed sets by
SGC(X) and the family of all strongly generalized open sets by SGO(X).
“[15]

"Theorem (1.1.22) :

Let (X,1) be a topological space. Then every generalized closed set is

strongly generalized closed set. "[9]



Chapter One : Preliminary concepts and results

"Corollary(1.1.23):
Every closed set in a topological space (X,7) is a strongly generalized
closed set. "[9]
"Definition(1.1.24) :
Let A be any set in a topological space (X,t). The border of a set A
denoted by bA is defined as bA= A-intA. "[19]

1.2 Generalized and strongly generalized closed set with respect to an

ideal I .

"Definition(1.2.1):

An ideal on a set X is a nonempty collection | of subsets of X with

heredity property and finite additivity property, that is, it satisfies the
following two conditions:
1. A €land B €Athen B &1 (heredity),
2. A €land B €1 implies AUB &1 (finite additivity).

We denote a topological space (X,t) with an ideal I defined on X by
X,z,D).
If I is an ideal on X and Y is a subset of X, then Iy ={Y NI, : I, €I, acA}is
an ideal on Y."[15]
" Definition(1.2.2):

Let (X,7) be a topological space and I be an ideal on X. A subset A of

X is said to be generalized closed set with respect to an ideal | (briefly Ig-
closed) if cl(A)-B €I, whenever AcB and B is an open set. The complement
of an lg-closed set is called a generalized open set with respect to an ideal |
(briefly Ig-open). We denote the family of all generalized closed sets with
respect to an ideal | by IGC(X) and the family of all generalized open sets

with respect to an ideal | by 1GO(X)."[5]
6



Chapter One : Preliminary concepts and results

"Proposition(1.2.3):

Let (X,t) be a topological space with an ideal I. Then every g-closed
subset is Ig-closed. "[5]
"Remark(1.2.4) :

The converse of Proposition(1.2.3) need not be true. "[5]
"Theorem(1.2.5):

A set A is Ig-closed in (X,7) if and only if Fccl(A)-A and F is

closed set in X implies Fel. "[5]
"Theorem(1.2.6):
If A and B are Ig-closed sets in (X,t), then AUB is an Ig-closed set.

“[3]
"Remark (1.2.7):

The intersection of two Ig-closed sets need not be an Ig-closed ."[5]
Remark (1.2.8):

The infinite union of Ig-closed sets need not be an Ig-closed by the

following example.

Example :

Let (R,t,) be the usual topological space. Let H, =F,1} for n>2.

n
Suppose that A is an open set such that H, cA ,n>2 ,thencl(H,)-A=H, -
A=¢,n>2 . Hence cl(H,)-A=¢. Thus H, is Ig-closed for each n >2. But if
we consider I1={¢} and A= (0.2), then UH =(01]<(0,2). But
cl{nLZJZH }-(0,2) =[0,1]1-(0,2) ={0} 1 . Thus nng ~is not Ig-closed.
"Theorem (1.2.10):

If Ais Ig-closed set and AcB c cl(A) in (X,1), then B is Ig-closed set in
(X,1) . "[5]




Chapter One : Preliminary concepts and results

"Theorem(1.2.11) :

If int(A) cBCA and if Ais Ig-open set in (X,t), then B is Ig-open set
in X. "[5]
"Theorem (1.2.12) :

Let AcY X and suppose that A is Ig-closed set in (X,t). Then A is

Ig-closed set relative to the subspace Y of X, with respect to the ideal
lv. "[5]
"Theorem(1.2.13):

If AcBCX, A is Ig-open set relative to B and B is Ig-open set relative

to X, then A is Ig-open set relative to X. "[5]

"Theorem(1.2.14) :

Let A be an Ig-closed set and a closed set F in (X,7) . Then ANF is an
Ig-closed set in (X,7) . "[5]
"Theorem(1.2.15):

A set A is Ig-open set in (X,7) if and only if F-UZcint(A), for some

U & |, whenever FCA and F is closed set. "[5]

"Theorem(1.2.16):
If A and B are separated Ig-open sets in (X,t), then AUB is Ig-open set.

"[5]
"Corollary(1.2.17):
Let A and B be Ig-closed sets. And suppose X-A and X-B are
separated in (X,t). Then ANB is Ig-closed. "[5]
"Theorem(1.2.18):
A set A is Ig-closed set in (X,1), if and only if cl(A)-A is Ig-open set.

"[5]



Chapter One : Preliminary concepts and results

"Definition(1.2.19) :
Let (X, 1) be a topological space and | be an ideal on X . A subset A

of X is said to be strongly generalized closed set with respect to an ideal
(briefly SlIg- closed) if cl(int(A))-B & | whenever A € B and B is open set.
The complement of an Slg-closed set is called a strongly generalized open
set with respect to an ideal (briefly Slg- open). We denote the family of all
strongly generalized closed sets with respect to an ideal | by ISGC(X) and the
family of all strongly generalized open sets with respect to an ideal | by
ISGO(X). "[15]
"Theorem(1.2.20) :

Every g- closed set is an Slg-closed set. "[15]
"Remark(1.2.21):

The converse of Theorem(1.2.20) need not be true. "[15]
"Remark(1.2.22):

The intersection of two Slg-closed sets need not be an Slg-closed set.

"[15]
"Theorem(1.2.23) :

If A and B are two elements in ISGC(X), then their union also is a
element in ISGC(X). "[15]
"Corollary(1.2.24):

If A and B are Slg-open sets in (X,1) , then ANB is Slg-open set. "[5]
Remark (1.2.25):

In the following example we show that the infinite union of Slg-

closed sets need not be an Slg-closed set.

Example :

Let (R,t,) be the usual topological space. Let H :[%,1} for n>2.

Suppose that A is an open set such that H cA ,n>2 , then

cl(intH,))-A=H_-A=¢,n>2 . Hence cl (int(H,))-A=¢. Thus H_ is Slg-

9



Chapter One : Preliminary concepts and results

closed for each n>2. But if we consider I={¢} and A= (0,2), then UH

n>2

= (0,1<(0,2). But cl (int{U H, ) —(0,2) =[0,11-(0,2) ={0} eI . Thus UH,is not

Slg-closed.
"Theorem (1.2.26) :

The intersection of Slg-closed set and a closed set F in (X, 1) is an
Slg-closed set in (X, t). "[15]

1.3 Soft set .

" To avoid difficulties, one must use an adequate parametrization . Let
X be an initial universe set and let E be a set of parameters."[13]
"Definition (1.3.1):

For A € E, the pair (F,A) is called a soft set over X, where F is a

mapping given by F:A — P(X).

In other words, the soft set is a parametrized family of subsets of the
set X. Every set F(e), e € E, from this family may be considered as the set of
e-elements of the soft set (F,E) , or as the set of e-approximate elements of the

soft set. A pair (a,A) is said to be a soft point where a(e)=¢, ve cA and a(e’)
=¢, ve'e A—{e}. Clearly, a soft set is not a set."[2]
"Remark(1.3.2):

As an illustration, let us consider the following examples. But before

we give the example, we need the following definition."[2]
"Definition (1.3.3) :

Let X be an initial universe set and let E be a set of parameters . Every

primitive attribute a€E is a total mapping a: E -V, where V, is the set of
values of a, called domain of a. With every subset of attributes BSE, we
associate a binary relation IND(B), called an indiscernibility relation, defined
by IND(B)={(x,y)eX?, for every a€B , a(x)=a(y) }."[13]

10



Chapter One : Preliminary concepts and results

"Definition (1.3.4) :

Let R be a family of equivalence relations and let AeR. We say that A
is dispensable in R if IND(R) = IND(R-{A}); otherwise A is indispensable in
R. The family R is independent if each A€ R is indispensable in R; otherwise
R is dependent. Q<SP is a reduction of P if Q is independent and IND(Q)
= IND(P), that is to say Q is the minimal subset of P that keeps the

classification ability. The set of all indispensable relations in P will be called
the core of P, and will be denoted as CORE(P). Clearly, CORE(P)
=NRRED(P), where RED(P) is the family of all reductions of P. "[13]
"Example (1.3.5) :

Let U= {hy,h,,hshshs,he} be a set of six houses, E = {expensive;

beautiful; wooden; cheap; in green surroundings; modern; in good repair; in
bad repair}, be a set of parameters.

Consider the soft set (F,E) which describes the ‘attractiveness of the house',
given by (F,E) = {expensive houses =¢, beautiful houses = {hy,h,,hs,hs,hs,hs},
wooden houses = {hy,h,,hg}, modern houses = {h;,h,,he}, houses in bad repair
= {hy,hy,hs}, cheap houses = {hy,hy,hs,h4,05,ne}, houses in good repair =
{h1, h3, he}, houses in green surroundings = {hy, h,, hs, hg, he}}.

Suppose that, Mr. X is interested in buying a house on the basis of his choice
parameters 'beautiful’, ‘wooden’, 'cheap’, 'in green surroundings', 'in good
repair’, etc., which constitute the subset P = {beautiful, wooden, cheap, in
green surroundings, in good repair} of the set E. That means, out of available
houses in U, he is to select that house which qualifies with all (or with

maximum number of) parameters of the soft set P.

(' fl r) "3
hy

4
1 1 1
ha 1 1 | 0
h3 1 0 l 1
hy 1 0 1 1
hs 1 1 (s
ha 1 1 1

Tablel

11



Chapter One : Preliminary concepts and results

To solve this problem, the soft set (F,P) is firstly expressed as a binary table
as shown above.

If hiy= F(e;) then h;= 1, otherwise h;; = 0, where h;; are the entries in Tablel.
Thus, a soft set can now be viewed as a knowledge representation system
where the set of attributes is replaced by a set of parameters.

Consider the tabular representation of the soft set (F,P). If Q is a reduction of
P, then the soft set (F,Q) is called the reduct-soft-set of the soft set (F, P).

The choice value of an object hy< U is ¢;, given by ¢; = X ; h;;, where h;; are

ijs

the entries in the table of the reduct-soft-set.

The algorithm for Mr. X to select the house he wishes is listed as follows.

1. Input the soft set (F,E),

2. Input the set P of choice parameters of Mr. X which is a subset of E,

3. Find all reduct-soft-sets of (F, P),

4. Choose one reduct-soft-set say (F, Q) of (F, P),

5. Find k, for which C, = max c;.

Then hy is the optimal choice object. If k has more than one value, then any

one of them could be chosen by Mr. X using his option.

We claimed that {e, e, €4, s} and {e,, es, €4, €5} are two reductions of P

= {ey, €5, €3, €4,65}. But {e), €, €4, €5} and {e,, €3, €4, €5} are not really the

reductions of P={e,, e,, €3, €4, €s}.

Our following computing results will illustrate this.

Suppose R, is the indiscernibility relation induced by P = {e1, e, €3, €s,65},

then the partition defined by R, is ({hi, he}, {h.}, {hs}, {ha}, {hs}}. If we

delete {e,, e3} from P, then the indiscernibility relation and the partition are

invariant, so both of e, and e; are dispensable in P. If we delete one of {e,, ey,

es} from P, then the indiscernibility relation and the partition would be

changed, thus all of these three parameters are indispensable. For example,

suppose we delete {e,} from P, then the partition is changed to ({hy, hs, he},

{h,, h4}, {hs}}. So {e,, es, es} is in fact the reduction of P = {e|, e,, €5, €4, €s}.
12



Chapter One : Preliminary concepts and results

From Tablel we can also conclude that e,and e; are not relevant and will not
affect the choices of the house since they take the same values for every
house.

On the other hand, in this algorithm they compute the reduction of the
soft set in step 3 before computing the choice value in step 5, which would
lead to two problems. First, after reduction, the objects that take max choice
value may be changed, so it is possible that the decision after reduction is not
the best one. Second, since the reductions of soft set are not unique, it is
possible that there would be a difference between the objects that take max
choice value obtained using different reductions. In these two cases, the
choice object may not be optimal or may be quite difficult to select. *[10]
"Definition(1.3.6):

A semi-ring is a nonempty set S equipped with two binary operations

+ and «, called addition and multiplication, such that:
1. (S, +) is a commutative monoid with identity element O:
1. (@a+b)+c=a+(b+c0),
2. 0+a=a+0=a,
3.a+tb=b+a,
2. (S, «) is a monoid with identity element 1:
1. (a+b) +c = a~ (b«C),
2. l.a=al=a,
3. Multiplication left and right distributes over addition:
1. a~ (b +c¢) = (a+b) + (a«c),
2. (a+b)c=(a«) + (b«c),
4. Multiplication by 0 annihilates S:
1. 0.a=a0=0."[22]
"Definition(1.3.7):

Let S be a semi-ring and A be a nonempty set. o will refer to an

arbitrary binary relation between an element of A and an element of S, that is,

13



Chapter One : Preliminary concepts and results

p 1S a subset of AxS without otherwise specified. A set-valued function
n: A—P(S) can be defined as 5 (X) = {yeS | (X,y)e p } for all xeA. The pair
(n, A) is a soft set over S, which is derived from the relation p."[22]

"Example(1.3.8) :
Let Zg = {0, 1, 2, 3, 4, 5} be the semi-ring of integers module 6.

Let (n, A) be a soft set over Zs, where A = Zgand  : A —» P(Z) is a
set-valued function defined by »(X) ={y € Zs; X p ¥ & xy€{0, 2, 4}} for
all xeA. Then »(0) = Zs, n(1) ={0, 2, 4}, »(2) = Zs, n(3) = {0, 2, 4},
n(4) = Zs and n (5) = {0, 2, 4} are subsemi-rings of Zs. Hence (7, A) is a soft
semi-ring over Zs. "[22]
"Definition(1.3.9):

A graph G = (V,E) consists of a non-empty set of objects V, called

vertices and a set E of two elements subsets of V called edges. Two vertices x
and y are adjacent if {x, y}€E . A graph G = (V ',E") is said to be a subgraph
of G=(V,E) if V&V and E 'CE . For any subset S of the vertex set of the
graph G, the induced subgraph S ' is the subgraph of G whose vertex set is S
and two vertices are adjacent in S if and only if they are adjacent in G. A
graph G is called a simple graph is an undirected graph that has
no loops (edges connected at both ends to the same vertex) and no more than
one edge between any two different vertices. Also, it is called connected if
every pair of vertices in the graph is connected.

Let G = (V,E) be a simple graph, A any nonempty set. Let R an
arbitrary relation between elements of A and elements of V. Thatis RC AxV .
A set valued mapping F : A—P(V ) can be defined as F(x) = {y€V; xRy}.
The pair (F, A) is a soft set over V. "[18]
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"Definition(1.3.10) :

Let (F, A) be a soft set over V. Then (F, A) is said to be a soft graph of
G if the subgraph induced by F(x) in G, F '(x) is a connected subgraph of G
forall xe A. "[18]
"Example(1.3.11) :

Consider the graph G = (V,E) as shown in Fig.1. Let A={vy, Vs, Vs }.

Define the set valued mapping F by, F(x) = {y€V; xRy < x is adjacent to y

inG}. Then F(vy)={vo,Vs}, F(va) ={vo, Vs }, F(vs) ={v1, V2, Vs }.
Here subgraph induced by F(x) in G, F '(x) is a connected subgraph of G, for

all xeA.

I /\0 I

///
~

v, F——————0

Fig.1 "[18]
"Example(1.3.12) :
Zadeh's fuzzy set may be considered as a special case of the soft set.

Let A be a fuzzy set, and u, be the membership function of the fuzzy set A,
that is u, isa mapping of U into [0, 1] .
Let us consider the family of « -level sets for function x,
F(a)={xeU ;,uA(X)Za} , a€[0]]
If we know the family F, we can find the functions ,uA(x) by means of the

following formulae:
,uA(x)zsup{ a;ael0]] ,xeF(a)}

Thus, every Zadeh's fuzzy set A may be considered as the soft set (F, [0,1]) .
"[13]
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"Note(1.3.13):

In what follows by SS(X,E) we denote the family of all soft sets over
X"

"Definition(1.3.14):

Assume that we have a binary operation, denoted by - , for subsets of
the set X. Let (F,A) and (G,B) be soft sets over X. Then, the operation « for
soft sets is defined in the following way :

(F, A)«(G, B) = (H,AxB), where H(a, 8)=F(a )-G(8), a €A, p B, and AxB

IS the cartesian product of the sets Aand B .
This definition takes into account the individual nature of any soft set. "[10]
"Definition(1.3.15):

For two soft sets (F,A) and (G,B) in SS(X,E) , we say that (F, A) is a
soft subset of (G, B) if AcBand F() cG(e), VeecA.
Also, we say that the pairs (F,A) and (G,B) are soft equal if (F,A) = (G,B) and
(G,B) = (F,A). Symbolically, we write (F,A) = (G,B)."[1]
"Definition (1.3.16) :

The union of two soft sets (F, A) and (G,B) over the common universe
X is the soft set (H,C), where C=AUB and foralle & C,

F(e) ,ee A-B,
H(e)=:G(e) ,ee B-A,
F(e)uG(e) ,ee AnB.
"[7]
"Definition(1.3.17):
The intersection of two soft sets (F,A) and (G,B) over the common

universe X is the soft set (H,C), where C=ANBand foralle & C, H(e) =

F(e) N G(e). Note that, in order to efficiently discuss, we consider only soft
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sets (F,E) over a universe X in which all the parameter set E are the same.
II[16]

"Definition (1.3.18) :
The complement of a soft set (F,E), denoted by (F,E)°is defined by

(F,E)’=(F*,E) , F: E — P(X) is a mapping given by F¢(e) = X —F(e), Ve
& Eand Fcis called the soft complement function of F. Clearly (F°) is the
same as F and ((F,E)°) = (F,E). "[16]

"Definition(1.3.19) :

The difference of two soft sets (F,E) and (G,E) over the common
universe X, denoted by (F,E)—(G,E) is the soft set (H,E) where for alle & E,
H(e) = F(e)-G(e). "[3]

"Definition(1.3.20) :

Let (F,E) be a soft set over X and xeX. We say that x&(F,E) read as x
belongs to the soft set (F,E), whenever xe F(a) for all ae E. Note that for xe
X, x¢ (F,E) if xeF(a) for some a €E. "[3]

"Definition(1.3.21):
Let (F,A)ESS(X,A) and (G,B)=SS(X,B). The cartesian product of
(F,A) and (G,B) is the soft set (H,AxB)eSS(X xY ,AxB),where the map

H:AxB — P(X xY ),such that H (a,b) =F(a)xF (b), for every (a,b)e AxB.
Symbolically, we write (H,AxB)=(H,A)%X(H,B)and H =F xG ."[14]
"Definition(1.3.22):

A soft set (F,A) over X is said to be a null soft set, denoted by ¢,, if for

alle € A, F(e)=¢ (null set), where ¢,(e)=¢ VeeA."[10]
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"Definition(1.3.23) :
A soft set (F,A) over X is said to be an absolute soft set, denoted by X,,

if foralle € A, F(e)=X. Clearly, we have X ,°=g,and ¢,° = X, . "[16]
"Definition(1.3.24) :

Let A be an arbitrary indexed set and L = {(F,E), i€ A} be a
subfamily of SS(X,E) .
(1)The union of L is the soft set (H,E), where H(e) = UF (e) foreache € E.

We write (H,E) = O(F ,E).

(2)The intersection of L is the soft set (M,E), where M(e) = nF(e) for each

e € E.Wewrite (M,E) = A(F,E) . "[1]
"Proposition(1.3.25) :
Let (F, A) and (G, B) be soft sets over X . Then
(1) ((F, A)A(G,B) )° = (F, A0 (G,B)°.
(2) (F, A)O(G,B) ) =(F, A A (G,B)."[12]
"Proposition(1.3.26) :
Let (F, A) be soft set over X . Then
(1) (F,A)A(F, A =(F,A).

@ F AOF, A =(FA).
3) F.AAX, =(FA)
@) (F, A X, = X, .
CYF A)A G, =4y -
6) (F,A)Og, =(F A)."[12]
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"Definition(1.3.27) :

Let T be a collection of soft sets over X with the fixed set E of
parameters and AcE, then 1< SS(X,E). We say that the family t defines a
soft topology on X if the following axioms are true :

(1) %, #n e,
(2) If (GA), (H,A) et , then (G,A)A(H,A) er,
(3) If (G, ,A)et foreveryie A ,then O (G, A)et.
Then t is called a soft topology on X and the triple (X,t,E) is called

soft topological spaces over X .

"[3]
"Definition(1.3.28):

Let(X,t,E) be a soft topological space. The members of t are said to be
soft open sets in X. We denote the set of all soft open sets over X by
OS(X,t,E) or OS(X) and the set of all soft closed sets, which are the
complements of soft open sets by CS(X,t,E) or CS(X). "[6]

"Definition (1.3.29) :
Let (X,t,E) be a soft topological space and (F,E)eSS(X,E). Define

Tre ={(G,E)A(F,E) : (G,E) € T }, which is a soft topology on (F,E). This
soft topology is called soft relative topology on (F,E), then [(F.E), teg)] is
called soft subspace of (X,t,E). "[7]

"Definition(1.3.30):

A soft topological space with respect to an ideal I (X,t,E) is called
soft discrete topological space with respect to an ideal | if every soft subset in
(X,T,E) is soft open set . "[6]

"Definition(1.3.31):
Let (X, T ,E) be a soft topological space and (F,E) ¢ SS(X,E). The soft

closure of (F,E), denoted by cl(F,E) is the intersection of all closed soft super
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sets of (F,E) that to say cl(F,E) = ~A{(H,E) ; (HE) € CS(X) and (F,E)=
(H.E)}. "[16]
"Definition (1.3.32) :

Let (X, T ,E) be a soft topological space and (G,E)eSS(X,E) . The soft

interior of (G,E), denoted by int(G,E) is the union of all open soft subsets of
(G,E) that is to say int(G,E) = O{(H,E) ; (H,E) € OS(X) and (H,.E)=(G,E)} .
"[2]
"Proposition(1.3.33) :
Let (X, T ,E) be a soft topological space and (F,E) , (H,E)e SS(X,E).
Then
(1) cl(cl(F,E)=cl(F,E),
(2) (FE) < cl(FE),
(3)(F,E) & (H,E) implies cl(F,E) = cl(H,E),
(4)cl{(F,E) o (H,E)}= cl(F,E) O cl(H,E),
(5)cl{(F.E)A(H,E)} = cl(F,E) Acl(H,E). "[3]
"Proposition(1.3.34) :
Let (X, T ,E) be a soft topological space and (F,E) , (H,E)e SS(X, E).
Then
(1) int(int(F,E)=int(F,E),
(2)int(F.E) & (F,E),
(3)(F,E) & (H,E) implies int(F,E) & int(H,E),
(4)int(F,E)int(H,E) & int{(F,E)C (H,E)},
(5)int{(F,E)~(H,E)} = int(F,E) A int(H,E). "[3]
Definition(1.3.35):
Let (A,E) be a soft set in a soft topological space (X,t,E) with an
ideal I, Then the soft border of (A,E) defined by b(A,E)= (A,E) ~cl(A,E)® and
denoted it by b(A,E).
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"Definition(1.3.36):

Two soft sets (A,E) and (B,E) are said to be soft separated in a soft
topological space (X,t,E) if cl(A,E)~(B,E) = 4. and (A,[E)AcCI(B,E) = ¢,
M[11]

"Definition(1.3.37) :

Let (A,E) be a soft set over X and (X,t,E) be soft topological space.
Then the soft boundary of (A,E) denoted by bd(A,E) and defined as bd(A,E)=
cl(A,E)Acl(AE) . "[3]

"Definition(1.3.38):

A soft set (AE) is called a soft generalized closed (soft g-closed) set

in a soft topological space (X,t,E) if cl(A,E) = (U, E) whenever (AE)= (U,E)

and (U,E) is soft open set in X . The relative complement of (A,E) is called a

soft generalized open (soft g-open) set. "[8]
"Proposition(1.3.39) :

Every soft closed set is soft generalized closed set.”[8]
"Corollary(1.3.40) :

Every soft open set is soft generalized open set."[8]
"Remark(1.3.41) :

The converse of Proposition(1.3.37) need not be true. "[8]
"Theorem(1.3.42) :

If (AE) is soft g-closed set over X and (A,E)=(B,E)=cl(A,E), then
(B,E) is soft g-closed set. "[1]
"Theorem(1.3.43) :

If (A,E) is soft g-open set over X and int(A,E)=(B,E)= (AE), then
(B,E) is soft g-open set. "[8]
"Theorem (1.3.44) :

If (A,E) and (B,E) are soft g-closed sets, then so is (A,E) O (B, E). "[8]
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"Corollary(1.3.45):

If (A,E) and (B,E) are soft g-open sets, then so is (A,E) A (B,E). "[8]
"Theorem(1.3.46):

A set (AE) is soft g-closed set over X if and only if cl(A,E)-(A,E)
contains only null soft closed set. "[8]
"Theorem(1.3.47):

A soft g-closed (A,E) is soft closed set if and only if cl(A,E)-(AE) is
soft closed set."[8]
"Definition(1.3.48) :

Let E be a set of parameters and A B<E, A nonempty collections I of

soft subsets over X is called a soft ideal on X if the following holds
(1) If (F,A) el and (G,B) = (F,A) implies (G,B) &l (heredity),
(2) If (F,A) and (G,A) €1, then (F,A)O(G,A) €1 (additivity).
If 1 is ideal on X and Y is subset of X, then Iy = {Y_A I, : I; € I} is an ideal
on Y. We denoted for a soft topological space with respect to an ideal | by
(X,t,E,) "[7]
"Definition(1.3.49) :
Let (X,t,E) be a soft topological space with an ideal | . A soft set (F,E)

€SS(X,E) is called soft generalized closed set with respect to an ideal I (soft
Ig-closed) if cl(F,E)-(G,E)e | whenever (F.E)e(G,E) and (G,E)e t. The
relative complement (F,E)° is called soft generalized open set with respect to
an ideal I (soft 1g-open). "[11]
""Proposition(1.3.50) :

Every soft g-closed set is soft 1g-closed. "[11]
"Corollary (1.3.51) :

Every soft g-open set is soft Ig-open. "[8]
"Remark(1.3.52):

The converse of the proposition(1.3.50) is not in general true. "[2]

22



Chapter One : Preliminary concepts and results

"Proposition(1.3.53) :

A soft set (AE) is soft Ig-closed in a soft topological space (X,t,E,l) if
and only if (F,E)ecl(A,E)-(A,E) and (F,E) is soft closed implies (F,E)é& I.
“[11]
"Proposition(1.3.54) :

If (F.E) and (G,E) are soft Ig-closed sets in a soft topological space
(X,t,E,l), then (F,E) O (G,E) is also soft Ig-closed setin (X,t,E,1). "[11]
"Corollary(1.3.55) :

If (A,E) and (B,E) are soft Ig-open sets in a soft topological space
(X,7,E,1), then (A,E) N (B,E) is soft Ig-open set in (X,t,E,1). "[11]
Remark(1.3.56) :

We can show that the union of an infinite collection of soft Ig-closed

sets Is not soft Ig-closed set.
Example :
Let X={1,2,3,....} ,E={e,e,}, I={¢. } and 1= {X.,4. }O{(G,E) ;

n=1,23,... }, where, (Gp,,E) be a soft set such that (GyE)
={(e,,{n,n+1,n+2,... }), (e,,¢) }. Let (HnE) be a soft set such that (H,E)

={(¢,,{1,2,3.4,....m}) , (e,,4) },m=>10. For each soft open set (B,E) such
that (H,,E)(B,E),m>10. Then cl((Hn,E))= {(e,,{1,2,3,4,....m}), (e,,4) }
,m >10. Therefore, cl(((HmwE))- (B,E)=4. €l,m>10. Thus (Hy,E) is a soft Ig-
closed set for each m >10.

On the other hand O (H,.E)={(e,{12,34,... }), (e;,¢) }= (GLE).
Then (G;,E) &(Gy,E) and (Gi,E) is soft open set. Then, cl(Gy,E)=X..
Therefore, cl((G1,E))- (G1,E)={(e,,¢) , (&,,X) }& 1. Thus, mglo(Hm,E) IS not

soft 1g-closed set.
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"Theorem(1.3.57) :

If (F,E) is soft Ig-closed in a soft topological space (X,t,E,l) and (F,E)
c (G,E) ccl(F,E), then (G,E) is soft Ig-closed in (X,t,E,I)."[11]
"Theorem(1.3.58):

A soft set (AE) is soft Ig-open in a soft topological space (X,t,E,l) if
and only if (F,E)-(B,E)Zint(A,E) for some (B,E)&l, whenever (F,E) < (A,E)
and (F,E) is soft closed set in (X,t,E,I). "[11]
"Remark (1.3.59):

The intersection of two soft Ig-closed sets need not be a soft Ig-closed.

"[2]
"Theorem(1.3.58):

If (A,E) is soft Ig-closed and (F,E) is soft closed in a soft topological
space (X,t,E,l), then (A,E) N (F,E) is soft Ig-closed in (X,t,E,I) . "[11]
"Theorem(1.3.60) :

Let YcX and (F,.E)C Y. C X, . Suppose that (F,E) is soft Ig-closed in

(X,t,E ). Then (F,E) is soft Ig-closed relative to the soft topological subspace
Y. of X and with respect to the soft ideal Iy . "[11]

"Theorem(1.3.61) :
If (AJE) and (B,E) are soft separated and soft Ig-open sets in a soft

topological space (X,t,E,l), then (A,E)U (B,E) is soft Ig-open in (X,t,E,l).
“[11]
"Corollary (1.3.62) :

Let (A,E) and (B,E) be soft Ig-closed sets and suppose that (A,E)° and

(B,E)° are soft separated in a soft topological space (X,t,E,l). Then
(A,E) N (B,E) is soft Ig-closed in (X,t,E,I). "[11]
"Theorem(1.3.63) :

Let MEXand (AE)SE Mg C XE, (AE) is soft Ig-open in (M,zy,E) and

Mg is soft Ig-open in (X,1,E,1). Then (AE) is soft Ig-open in (X,t,E,I). "[11]
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"Theorem(1.3.64):
If int(A,E)c(B,E)c(A,E) and (A,E) is soft Ig-open set in a soft
topological space (X,t,E,l), then (B,E) is soft Ig-open set in (X,t,E,I)."[11]
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CHAPTER TWO
SOFT STRONGLY GENERALIZED CLOSED SETS WITH RESPECT TO
AN IDEAL IN SOFT TOPOLOGICAL SPACE

———————————————————————————————————————————

In this Chapter we make a mixture of the concepts which are given in
chapter one to make the new concept soft strongly generalized closed set in
soft topological space with respect to an ideal | (SSlg-closed). The
complement of soft strongly generalized closed set in soft topological space
with respect to an ideal |1 (SSlg-closed) is called soft strongly generalized
open set in soft topological space with respect to an ideal | (SSIg-open) .

For any soft set (F,E) in a soft topological space with respect to an
ideal I, we give in this Chapter the soft strongly generalized interior (closure,

derived, border and boundary) set with | of (F,E).

2.1 SSIg-closed set.

In this section we define a soft strongly generalized closed sets with
respect to an ideal in soft topological space and introduce some basic
remarks, propositions and theorems about soft strongly generalized closed
sets with respect to an ideal in soft topological space.

Definition(2.1.1) :
A soft set (A,E) in (X,t,E,I) is said to be soft strongly generalized

closed set with respect to an ideal I,(briefly SSlg- closed), if cl(int(A,E))-
(B,E)e | whenever (A[E)c(B,E) and (B,E) is soft open set, the relative
complement(A,E)° is soft strongly generalized open set with respect to an
ideal I,(briefly SSlg-open).
Example(2.1.2);

Let X={a,b,c} be the set of three cars under consideration and
E={e (costly),e, (Luxurious)}. Let (A,E), (B,E), (C,E) be three soft sets

representing the attractiveness of the car which Mr. X, Mr. Y and M. Z are
going to buy, T = {4. , X¢, (AE), (B,E),(C,E) } where (AJE) = {(e ,{b}) ,
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(e;.{a})}, (B.E)={(e, {b,C}).(e,.{ab}) } and (C,E) = {(e, {a,0}) .(e,.{a.c})}-
Then ° ={4.,X.,(AE)° ,(B,E)* } where (A,E)" ={(e,.{a.c}),(e, {b,c}H} and
(B.E) = {(e&, {a}).(e, {ch} .(C.E)*={(e, {c}).(e, {b})}. Let I ={q4. ,(ME),
(H.E).(L.E)} where (M,E)={(e, {a}).(e,,¢) }and (H,E)={(e,,¢).(e, {c})} and
(L.E)={(e, {a}).(e,.{c})}-

Now (B,E)&(B,E) and (B,E) is soft open set. Then int(B,E)=(B,E)
and cl(B,E) = x.. Therefore, cl(int(B,E))-(B,E)= X, -(B,E)= (B,E)°*=(L,E) <.
Hence, cl(int(B,E))-(B,E) <l . Thus (B,E) is an SSIg-closed set.

On the other hand (A,E)&(A,E) and (A,E) is soft open set . Then
int(A,E) =(A,E) and cl(A,E) = X.. Therefore, cl(int(A,E))-(A,E) = X, -(A,E)=
(AE)° 1. Hence (AE) is not SSlg-closed set.

Proposition(2.1.3) :

In (X,t,E,I) every soft closed set is an SSlg-closed set.

Proof :

Let (A,E) be a soft closed set in (X,t,E,l). Let (B,E) be any soft open
set in (X,t,E,l) such that (A,E)Z (B,E). By definition of interior then int(A,E)
& (A,E), also By definition of closure and since (A,E) is soft closed set then
cl(int(A,E)) & cl(A,E)= (A,E) & (B,E). Hence cl(int(A,E))-(B,E) & (A,E)-(B,E)=
¢. € 1. Thus (A,E) is SSlIg-closed set. o
Corollary(2.1.4) :

In (X,t,E,1) every soft open set is an SSIg-open set.

Proof :
It is clear by Proposition(2.1.3). o
Corollary(2.1.5) :

Every soft subset of a soft discrete topological space with respect to an

ideal I is an SSlg-closed set .

Proof :
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Since every soft set in a soft discrete topological space is soft closed
set, so it is an SSIg-closed set by Proposition(2.1.3).o
Remark(2.1.6):

In (X,t,E,1), X; and ¢, are SSlg-closed set.

Proof:
It is clear by Proposition(2.1.3) .o
Proposition(2.1.7) :

Every soft g-closed set is an SSlg-closed set.

Proof :

Let (A,E) be soft g- closed set. Suppose that (A,E)E (B,E) and (B,E) is
soft open set . Since (A,E) is a soft g- closed set by hypothesis , then cl(A,E)
& (B,E). Since int(A,E)Z (AE) then cl(int(A,E)) & cl(A,E)E (B,E), therefore
cl(int(A,E))- (B,E) = 4. €l, hence cl(int(A,E))- (B,E)el whenever (AE)
c (B,E) and (B,E) is soft open set. Hence, (A,E) is an SSlg-closed set.o
Remark(2.1.8) :

The converse of the Proposition(2.1.7) need not to be true.

Example:

Let X= {a,b,c} and E = {e,e,} and T = {4, X:,(L,E),(B,E) } where
(LE) ={(e,{a}).(e; X)} and (BE) = {(e, {ab}) , (e, X) }. Then 1° =
{¢-. Xc, (LE), (BE) } where (LE)" ={(e, {b.c}) , (e,,4) } and (BE)" =
{(e{c}) ., (e,.4) } .

Let I={4 ,(CE),(HE),(DE)} where (C.E)={(e,{b}), (e,;.¢) }

and (H,E)={(e,.{b,c}).(e,.¢) } and (D,E)={(e, {c}). (e,.¢)} .
Now (L,E)S(L,E) and (L,E) is soft open set .
Then, (L,E) = int(A,E) and cl(L,E) = X..
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Therefore, cl(int(L,E))-(A,E)=X. -(L,E)=(L,E)*=(H,E) &l. Hence, cl(int(L,E))-
(L,E)€&l. Thus, (L,E) is an SSlg-closed set. But cl(L,E) = X, #(L,E) for (L,E)
c (L,E) and (L,E) is soft open set. Therefore (L,E) is not soft g-closed set .o
Corollary(2.1.9) :

Every soft g-open set is an SSIg-open set.

Proof :
It is clear by Proposition(2.1.7). o
Theorem(2.1.10) :

Every soft Ig- closed set is an SSIg-closed set.

Proof :

Let (A,E) be soft Ig- closed set. Suppose that (AE) £ (B,E) and (B,E)
Is soft open set. Since (A,E) is a soft Ig- closed set by hypothesis. Then
cl(A,E)-(B,E)al. Since int(A[E) & (AE). Then, cl(int(AE))&cl(AE).
Therefore cl(int(A,E))- (B,E) £ cl(A,E)-(B,E) &l. By definition of an ideal we
get cl(int(A,E))- (B,E)&l. Thus, (A,E) is an SSIg-closed set.o
Remark(2.1.11) :

The converse of the Theorem(2.1.10) need not to be true.

Example:

Let X= {a,b,c}, E = {e¢,,6,} and © ={4., X.,(A,E),(B,E)}, where (AE)
and (B,E) be a soft sets such that (A,E)={(e,.,{a}),(e,.X) }, (B,E)=
{(e, . {fa.c}).(e,,X)}. Then t° = {4.,X., (AE), (B,E) } where (AE) =
{(e,.{b.c}), (e,,¢) } and (B.E)"={(e,.{b}), (e,.¢) }.

Let I1={¢,(CE),(HE), (DE)} where (CE)={(e {b}).(e,.4)},
(H.E)={(e,.{a,b}).(e;,¢)}, (D.E)={(e,.{a}) , (e;,4)}. Now (D,E)e SS(XE)
and (D,E)S& (AE) and (AE)€ 1. Then, int(D,E) = 4.. So, cl(int(D,E)) = ¢, .
Therefore, (D,E) is an SSlg-closed set. But cl(D,E) = X., then cl(D,E)- (AE)
= X.-(A,E) = (A[E)°¢ . Therefore (D,E) is not soft Ig-closed set . o
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Corollary(2.1.12) :

Every soft Ig-open set is an SSlg-open set.

Proof :

It is clear by Theorem(2.1.10) . o
Theorem(2.1.13) :

A soft set (A,E) in (X,t,E,l) is a SSlg-closed set if and only if (G,E)<
cl(int(A,E))-(A,E) and (G,E) is soft closed set implies (G,E) &l .
Proof :

Let (A,E) be SSlg- closed set. Assume that (G,E) & cl(int(A,E))-(A,E)
and (G,E) is soft closed set. Then (G,E) & X.-(A,E), so (A,E) & X.-(G,E).
Therefore, X.-(G,E) is soft open set and (A,E) & X.-(G,E). But (AE) is
SSlg-closed set, then cl(int(A,E))—(X.-(G,E))el. But (G,E)Zcl(int(A,E))
-(AJE) Ccl(int(AE))-(X.-(G,E))&l . By definition of an ideal | we get
(G,E)el.
Conversely ,

Assume that (G,E)Zcl(int(AE))-(A,E) and (G,E) is soft closed set

implies (G,E) &l. We need to prove that (A,E) is a SSlg-closed set .
Suppose that (AE)S(G,E) and (G,E)er. Then cl(int(AE))-(G,E)=
cl(int(A,E)) A X -(G,E). Since (G,E) €1, then X.-(G,E) is soft closed set, so

for this cl(int(A,E)) A (X.-(G,E) is soft closed set which is contained in
cl(int(A,E))-(G,E). By hypothesis cl(int(A,E))-(G,E)&l. Therefore (A,E) is a
SSlg-closed set . o
Theorem(2.1.14) :

If a soft subset (A,E) of (X,1,E) is a SSIg-closed and if cl(int(A,E))-
(A,E) contains a soft closed set (G,E) , then cl(int(A,E)) N (G,E) &l .
Proof :

Let (A,E) be SSlg- closed set. Assume that (G,E) is soft closed set such
that (G,E) =cl(int(A,E))-(A,E) . Then (G,E)E X.-(AE), so (AE)E X, -
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(G,E). Therefore, X.-(G,E) is soft open set and (A,E)E X, -(G,E). But (AE)
Is SSlg-closed set. Then cl(int(A,E))-(X.-(G,E)) &l. Therefore , cl(int(A,E))
A (G,E)el . o
Remark(2.1.15) :

The converse of the Theorem(2.1.14) need not to be true by the following

example .

Example:

Let X= {ab,c}, E = {e,e,}and t ={4., X ,(L,E),(B,E)} where (L,E)
={(e, {a}).(e; {a,b}) }, (B.E)={(e, {ac}).(e,;.X)}. Let I={4 , (G,E)} where
(G,E)={(e,,{b}).(e,,¢) }, then °={4.,X., (LE)*, (B,E) }. Now int(L,E)
= (L,E), so cl(int(L,E))= X, and since (L,E) is soft open set and (L,E) = (L,E),
but cl(int(L,E)) - (L,E)= (L,E)°¢ 1, therefore (L,E) is not SSlg-closed. But on
the other hand we have (G,E)= (B,E)‘, which it is soft closed set such that
(G,E) cl(int(L,E))- (L,E) and cl(int(L,E)) )) N (G,E)= (GE)el. o
Theorem(2.1.16) :

Let (AE) and(G,E) are any soft sets in (X,t,E,l). If (A,E) is an SSlg-
closed and (A,E) = (G,E) =cl(int(A,E)), then (G,E) is SSlg-closed set.

Proof :

Assume that (A,E) is an SSlg-closed and (A,E) & (G,E) &cl(int(A,E)). To
show that (G,E) is SSlg-closed set. Suppose that (G,E) & (£ £) such that (F,E)
Is soft open set, but (A[E)&(G,E)e (EE), then (AE)& (EE) since (AE) is
SSlg-closed set, then cl(int(A,E))-(EE)el. Now (G,E)&cl(int(AE)), then
cl(int(G,E)) ecl(int(A,E)). This implies that cl(int(G,E))- (% E)z cl(int(A,E))-
(EE)€el. Therefore, cl(int(G,E))- (£ E)&l. thus (G,E) is SSlg-closed set. o
Remark(2.1.17) :

The converse of the Theorem(2.1.16) need not to be true.
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Example:

Let X={a,b,c} and E={e,e,} and 1 ={¢., X}, let (AE) and (G,E) be
a soft sets such that (G,E)={(e,,{a}).(e,,X) }, (A.E)={(e,.,{a}),(e,,{a,b})}. Let
I= {¢.} . Then both (AE) and (G,E) are SSlIg-closed sets , but cl(int(A,E))=
¢. , thus (A,E) & (G,E) zcl(int(A,E)). On other hand if we consider that T =
{4.,Xc(GE) }, then (GE) is SSlg-closed set and (AJE)e(G,E)
&cl(int(AE)),but (G,E) is not SSlg-closed set. o
Corollary(2.1.18):

Let (G,E) and(F,E) are any soft sets in (X,t,E,I). If cl(int(F,E))

&(G,E)e (F,E) and if (F,E) is SSlg-open set, then (G,E) is SSIg-open set .

Proof :

Suppose that cl(int(F,E))=(G,E) & (F,E) and (F,E) is SSlg-open set.
We need to show that (G,E) is SSlg-open set. Then, X.-(F,E)& X;-(G,E)
ecl(int( X; -(F,E))) and X.-(F,E) is SSlg-closed set . By Theorem (2.1.16)
we get X.-(G,E) is SSIg-closed set .Therefore, (G,E) is SSlg-open set . O
Theorem(2.1.19) :

Let (A,E) and(G,E) are any soft sets in (X,t,E,1). Then (AE) is an

SSlIg-open set if and only if (G,E)-(U,E)eint(A,E) for some (U,E)él
whenever (G,E) & (4,E) and (G,E) is soft closed set .
Proof :

Suppose that (A,E) be an SSlIg-open set and (G,E) is soft closed set such
that (G,E) & (A,E). We need to show that (G,E)-(U,E) =int(AE) for some
(U,E) &l. Since (G,E) & (A,E). Then, X.-(A,E) & X.-(G,E). Since X.-(AE)
Is SSIg-closed set and (G,E) is soft open set. Then, cl(int(X:-(AE))) & (X:-
(G,E))O(U,E) for some (U,E)el . Then X -((X:-(G,E))O(U,E))& X¢ -
cl(int( X -(A,E))). Hence, (G,E)-(U,E) int(A,E) for some (U,E) &l.

Conversely,
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Assume that (G,E)e (4,E) and (G,E) is soft closed set implies that
(G,E)-(U,E) &int(A,E) for some (U,E) €l.
We need to show that (A,E) is an SSlg-open, that is to say X.-(AE) is an
SSlg-closed set . Consider a soft open set (V,E) such that X.-(A,E)&(V,E) .
Then, Xe-(V,E)e(AE). Therefore, (X:-(V,E))-(U,E)cint(AE) =
Xe-cl(int(X:-(AE))) for some (U,E) &l. This gives that, X; -((V,E)o (U,E))
& Xe- cl(int(X:-(AE))). Then, cl(int(X;-(A,E))e(V,E)O (UE) for some
(U,E) &l. Therefore, cl(int( X; -(A,E)) (V,E) &l. Hence, X, -(A,E) is an SSlg-
closed set. Therefore, (A,E) is an SSIg-open set . o
Theorem(2.1.20) :

Let Y&X and (AE) be a soft set in (Y,ty,E). If (AE) is a SSIg-closed
set in (X,t,E,l). then (AE) is an SSlyg-closed relative to the soft space

(Y,tv,E) with respect to an ideal Iy .
Proof :

Suppose that (A,E) is a SSlg-closed set in (X,t,E,l). Let (A,E)&(B,E).
Then (B,E) = (U,E)AYe, where (U,E) is soft open set in (X,t,E). Since (U,E)
NYe & (U,E),then (AJE)= (U,E) . Since (AE) is a SSIg-closed set in (X,t,E),
then cl(int(A,E))-(U,E) el .
Therefore, cl(int(AE))-(B,E)=(cl(int(A,E))-((U,E) A Yeg)=(cl(int(A,E))-(U,E))
NYe& (cl(int(A,E))-(U,E)) €l. By definition of an ideal we get (cl(int(A,E)))-
(B,E) €ly. Thus (A,E) is an SSlyg-closed relative to the soft space in (Y,tv,E)
with respect to the ideal Iy .o
Theorem(2.1.21) :

Let YaX, I={4. } and (AE) be a soft set in (Y,ty,E ly). If (AE) is a

SSlyg-closed set over SSIg-closed set Ye. then (A,E) is an SSIg-closed relative
to (X,t,E,).

Proof :
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Let (A,E)=(B,E) where (B,E) is soft open set in (X,t,E). Since (AE)
=(A,E)"Ye &(B,E)AYe, then cl(int(A,E))-( (B,E)AYEg) € ly. Since (AE) is an
SSlyg-closed over Y, then cl(int(A,E))e((B,E)AYg) and Y &((B,E)U
(cl(int(A,E)))). Since Yeg is an SSlg-closed, then cl(intYg)-((B,E)
(cl(int(A,E)))°) €1. Then cl(int(A,E) =cl(intYe) & ((B,E)U (cl(int(A,E)))%)
Therefore, cl(int(A,E))-(B,E) €l. Thus (A,E) is an SSlg-closed.o
Theorem (2.1.22):

If (A,E) and (G,E) are two soft subsets of (X,t,E,l) which are an SSIg-
closed, then (AE)O(G,E) is a SSlg-closed set .

Proof :

Suppose that (A,E) and (G,E) are two SSlg-closed sets .
We need to show that (A,E) O (G,E) is a SSlg-closed set .
Let (U,E) be a soft open set such that (A[E)U(G,E) & (U,E) . Then (AE)
¢ (UE) and (GE) & (U,E). But both of them are SSlIg-closed set, so
cl(int(A,E))-(U,E)el and cl(int(G,E))-(U,E)el. Then cl(int((A,E) O (G,E)))
-(U,E) ecl(int(A,E) Oint(G,E))-(U,E) = cl(int(A,E))Scl( int(G,E))-(U,E)
= cl(int(A,E))-(U,E)O cl(int(G,E))-(U,E). But cl(int(AE))-(U,E)el and
cl(int(G,E))-(U,E) €l. By definition of an ideal we get, cl(int(A,E))-(U,E)
Ocl(int(G,E))-(U,E)el. Then cl(int((A,E) O (G,E)))-(U,E)el .  Therefore,
(A,E) U (G,E) is a SSlg-closed set. o
Remark(2.1.23) :

The infinite union of SSlg-closed sets need not to be SSIg-closed set in

general.
Example:

Let X= {1,2,3,....} ,E={e,e,}, I={g. }and 1 = {X _,¢. }O{(G,E) ;
n=1,2,3,... }, where, (G,,E) is a soft set such that (G,,E) ={(e,,{n,n+1,n+2,...
}) .(e,,0) }. Let (Hn,E) be a soft set such that (Hy,E) ={(e,,{2,3,4,....m}) ,
(e,,4) }, m=>10. For each soft open set (B,E) such that (H.E)< (B,E),
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m=>10. Then int(H,E) = ¢., m=>10. Hence cl(int(H,,E)) =4¢.,m >10.
Therefore, cl(int((Hn,E))-(B,E)=¢. €, m >10. Thus (Hy,E) is a SSIg-closed
set for each m >10.

On the other hand O (H,.E)={(e,;,{2,3.4,... }), (e,,¢) }= (G2,E). Then

>10

(G2,E)&(Gy,E) and (Gy,E) is soft open set. Then, int(G,,E)=(G,,E). Hence,
cl(int(G,,E))=cl(G,,E)=x.. Therefore, cl(int((G,,E))-(G,,E)= {(e,,{1}) ,
(e,,X) }& 1. Thus, gm(Hm,E)is not SSIg-closed set.

Corollary(2.1.24) :

The intersection of two SSlg-open sets in (X,t,E,l) is an SSlg-open.

Proof :

Suppose that (A,E) and (G,E) are two SSlg-open sets. We need to
show that (A,E)~(G,E) is an SSlg-open set. Then X.-(A,E) and X.-(AE)
are two SSlg-closed sets . By Theorem(2.1.22) we get that x_-(A,E)O X, -
(AJE) = X.-((ALE)A(AE)) is SSlg-closed set. Hence, (A[E)N(G,E) is a
SSlg-open set. o
Remark(2.1.25) :

The intersection of two SSlg-closed sets need not to be SSIg-closed set

in general.
Example:

Let X={ab,c}, E={e,e,}and t= {4 , X, (A[E) }, where (AE)
,(C,E) and (B,E) are a soft sets such that (A,E)={(e,,{b}) , (e,,¢ ) }, (B,E)
={(e,{a.b}) . (e,,¢ ) }and (C.E) ={(e, {b,c}) , (e;,¢ ) }. Then ©° = {4, , X,
, (A,E)° } where (A,E)° ={(e,.{a,c}), (e,,X) }. Let 1={4.}.

(B,E) & X.and X is soft open set. Then, int(B,E) = (A,E) and cl(int(B,E)) =
cl(A,E)= X.. Therefore, cl(int((B,E))- X. = X.-X.=4. €l . Hence, (B,E) is a
SSlg-closed set , (C,E) & x.and X_is soft open set. Then, int(C,E) = (AE)
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and cl(int(C,E)) = cl(A,E)= X.. Therefore, cl(int((C,E))- X, = X -X.=¢.
€l . Hence, (C,E) is a SSIg-closed set.
Now, (B,E) A (C.E) ={(e,.{b}) , (e;,¢ ) }=(AE).
Since (AE) & (AE) and (A[E) is soft open set. int(A,E) = (A,E) and
cl(int(A,E)) = X.. Then, cl(int(A,E))- (A,E) = X.-(A,E) = (A[E)°¢! for (AE)
& (A,E) and (AE) is soft open set . Hence, (B,E)~(C,E) is not SSlg-closed
set. Therefore The intersection of two SSlg-closed sets is not SSlg-closed set
. O
Theorem(2.1.26) :

Let (A,E) and (G,E) be any soft sets in (X,t,E,l). If (A,E) be a SSlg-
closed set and (G,E) is a soft closed set. Then (A,E)~(G,E) is a SSlg-closed

set.

Proof :

Let (A,E) be a SSlg-closed set and (G,E) is soft closed set .
We need to show that (A,E) N (G,E) is an SSlg-closed .
Let (U,E) be a soft open set such that (A,E)~(G,E) & (U,E).
Then, (AJE)e(U,E) O (X, -(G,E)) and (U,E) O ( X, -(G,E)) Is a soft open set.
But (AE) is an SSlg-closed set. Then cl(int(A,E))- {(U,E)O(X.-(G,E))}
= {cl(int(A,E))- (U,E)}A{cl(int(A,E))-( X -(G,E))} &l. Therefore, cl(int(A,E))
(X.-(G,E))&l. Therefore, cl(int((A,E)A(G,E)))e cl(int((AE))A(G,E)=
(cl(int((A,E))) N (G,E))-(X.-(G,E)).  Hence, cl(int((A,E)A(G,E)))-(U,E)
& (cl(int((A,E)) N (G,E))-(UE) A (X, -(G,E)) £cl(int((A,E))-((UE) O (X -
(G,E)) €l. By definition of an ideal we get cl(int((A,E)~(G,E)))-(U,E)Al.
Thus, (A,E)N(G,E) is an SSlg-closed set .o
Proposition(2.1.27):

Let (X,t1,E1) and (Y,1,E>) be two soft topological spaces with ideals I,
and I, respectively. Then I:x1l, ={(V,Ey) % (U,E,) ; (V,E1) &l ,(U,Ey) ElL} is an

ideal on the product soft topological space (XxY,t;x1,E1xEy).
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Proof:

Let (V,E1)%(U,E,), (V1,E1)%(Up,Ep) €% 1, .
Then  (V,E))x(U,E2) O (V1,E))x(U,Ez)=  (V,E1) O (V1,E1)%(Uy,E2) O (Uy,Ey)
€lixl, . If (AJE)%(B,Ey) e (V,E1)%(U,E,), then (AE1)%(B,Ey) €11x1,. 0
Proposition (2.1.28):

Let (X,14,E1) and (Y,t,,E,) be two soft topological spaces with ideals I,

and I, respectively. If (F,E;) is an SSl,g-closed set and (G,E,) is an
SSl,g-closed set in (X,t1,E;) and (Y,t,,E,) respectively, then (F,E;) x (G,E,)
isa SS( I;x1,)g-closed set in (XxY,t1x15,E1 xE»).

Proof:

Let (V,E;) % (U,E;) be a soft open set in (XxY,t1x15,E;xEy) such that
(FE)*(GE)c(V,E)%(U,Ez), Then cl(int((F,E1)x(G,E,)))-(V.E1)x(U,Er)=
cl(int((F,Ey) xint((G,E,)))-(V,E1) % (U,Ez)=cl(int((F,E1))) xcl(int((G,E,)))-(V,E1)
%(U,Ep)= cl(int((F,Ey))) -(V,Epxcl(int((G,E,)))-(U,E,) € 1;x1, . Hence
cl(int((F,E0) % (G,Ex)))-(V.E))x(U,E)) € Iixl,. Thus, (FE)x(GE,) is a
SS(lyx1,)g-closed set in (XxY,11x1,E1xEp). O
Theorem(2.1.29) :

Let (F,E) and(G,E) are any soft sets in (X,t,E,l). If (F,E) and

(G,E) are separated soft SSIg-open sets, then (F,E) O (G, E) is SSlg-open set .
Proof :

Suppose that (F,E) and (G,E) are separated soft SSlg-open sets and (U,E)
be a soft closed subset of (F,E)O (GE).
Then, (U,E)Acl(int(F,E)) = (F,E) and (U,E) Acl(int(G,E)) = (G,E) .
By hypothesis and Theorem(2.1.19) we get that ;
{(UE)Acl(int(F.EN}-(V.E)cint(F,.E) and {(U,E)Acl(int(G,E))}-(M,E)
cint(G,E) for some (V,E) and (M,E) in I . This means that {(U,E)
Acl(int(F,E))}-int(F,E) &l and {(U,E)~cl(int(G,E))}-int(G,E) & . Hence ,
{{(U,E) Acl(int(F,E)}-int(F,E)} O cl(int(G,E)))-( int(F,E) O int(G,E)) &l . But
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, (UE) = (UE)A((F,E) O (G,E)) & (U,E)Acl(int((F,E) O (G,E))) and we have,
(U,E)-(int((F,E) © (G,E))) & (U,E) Acl(int((F,E) O (G,E)))-int((F,E) O (G,E))

& (U,E)Acl(int((F,E) O (G,E)))-int(F,E) O int(G,E) €l . Hence, (U,E)-(H,E)
eint((F,E) O (G,E)) for some (H,E)é&l. Therefore, (F,E)O(G,E) is an SSIg-
open set. O

Remark(2.1.30):
If the condition of separated is dropped then the Theorem(2.1.29) is not

true in general.
Example:

Let X={ab,c},E={e,e,} and 1= {4 , X., (A[E) }, where (AE)
,(C,E) and (B,E) are a soft sets such that (A,E) = {(e,,{b}), (e,,¢ ) }, (B,E) =
{(e.{c}) , (&, X) Y and (CE) = {(e.{a}) , (e,,X) }. Then ° = {4, X,
(AE)" } where (AE)° ={(e, {ac}), (&, X) }.

Let | ={4, }. So (B.E)" ={(e,.{ab}).(e,,¢ )} and (C.E)* ={(e,.{b.C}).(e,.4)},
(AJE)~cl(B,E)=4. and cl(A.E)~A(B,E)=¢.. So (A[E) and (B,E) are not
separated. (B,E)°c X, and X_is soft open set. Then, int(B,E)° = (A,E) and
cl(int(B,E)) = cl(A,E)= X.. Therefore, cl(int((B,E)°)- X. = X.-X.=4¢, €l .
Hence,(B,E)° is a SSlg-closed set. (C,E)°c x.and X, is soft open set . Then
int(C,E)* = (A,E) and cl(int(C,E)) = cl(A,E)= X.. Therefore, cl(int((C,E)")-
X. = X.-X.=4¢. €. Hence, (C,E) is a SSlg-closed set, so both (C,E)and
(C,E) are SSlg-open sets.

Now, (B,E)U(C,E)={(e, {a,c}).(e;,X) }, s0 {(B,E)U(C,E)}*={(e, {b}) (e, #)}
= (AE). Since (A,E) = (A,E) and (A,E) is soft open set .

Then, int(A,E) = (A,E) and cl(int(A,E)) = X.. Therefore, cl(int(A,E))- (A,E)
= X.-(AE) = (A[E)°éal for (A,E) & (A,E) and (AE) is soft open set. Hence,
{(B,E) U (C,E)}* is not SSlg-closed set. Therefore (B,E) (C,E) is not SSig-

open set . O
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Note(2.1.31):

In the following diagram we discuss the relation between the kinds of
soft closed sets

/ i \
Slg-closed || SSlg-closed Sg-closed
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2.2 SSlg-Interior set

The aim of this section is to introduce the SSlg-interior and discuss
some basic properties of the SSlg-interior sets in a soft topological space with
an ideal I.

Definition(2.2.1) :

Let (A,E) be asoft setin (X,t,E,l). Then the SSlg-interior of (AE) is
the union of all SSlg-open sets which are contained in (A,E) denoted by
int"(A,E).

Remark(2.2.2) :

X, Is an SSlg-neighborhood for each of its elements.
Theorem(2.2.3):

Let (A,E) be a soft set in (X,t,E,1), then int (A,E) & (A,E).

Proof:

Let xzint (A,E)). Then there exists a SSIg-open set (G,E) such that x&
(G,E) &(A,E). Hence x & (A,E). Therefore int (A,E) & (AE). o
Remark(2.2.4) :

int (A,E) = (A,E) in general.

Example:

Let X={a,b},E={e,e,} andt= {4, , X, (AE),(B,E), (C,E),(D,E) },
where (A,E) ,(B,E),(C,E) and (D,E) be a soft sets such that (A,E) = {(e,,{b})
 (&,4) }, (B.E) = {(e{b}) ., (e;,{a}) } , (C.E)= {(&,,X) , (e;,4) } and (D,E)
={(e,X) (e, {a})} . Let I={4.}.

Let (S,E)= {(e.{a}) , (e,,X) } be a soft set. Then the soft set contained in
(S.E) are {(e, .{a}) , (&,.X) }.{(e, {a}) , (e, {a}) }.{(e {a}) , (e;.9) }{(e1.9),
(e;.{a}) }, {(e{a}) , (e,.{b}) }{(e1.9) . (e, {b}) }.{(e1,9) , (&;,X) } and 4. .

So we discusses each of these sets for SSlg-open.
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{(e.{a}) , (&, X) }* = {(e, {b}) , (&, 4)} € 7, then int{(e,,{b}) , (e,,4)}
= {(e.{b}) , (e,¢)} and cl(int{(e,{b}) , (e,¢)})=X., therefore
cl(int{(e; {b}) , (e,,4)})-{(e.{b}) , (&,,¢)} &l .Thus {(e,,{b}) , (e;.¢)} is
not SSlg-closed set. For this {(e,,{a}) , (e,,X) } is not SSIg-open.

{(e.{a}) . (e, {b}) ¥ = {(e;{b}) . (e,.{a}) }€ 7 then int{(e,,{b}),
(e;.{a})}={(e, {b}) , (e,.{a})} and cl(int{(e, .{b}) , (e, {a})}) =X, therefore

cl(int{(e, {b}) . (e, {ah})-{(e,.{b}) . (e, {ah)}el  .Thus {(e.{b}),
(e,,{a})} is not SSlg-closed set. For this {(e,{a}) , (e,,{b}) } is not SSig-

open.
{(e.9) . (e, {b}) }={(e,.X) , (e, {a}) }. then int{(e,X) , (e, {a}) }=
{(e,,X) , (e,,{a}) }, Hence cl(int{(e,X) , (e,,{a}) })= X . therefore
cl(int{(e, {b}) , (&,,X)})- {(e.X) , (e, {a}) }= {(e..9) . (e, {b}) }&l . Thus
{(e,,{b}) , (&,,X)} is not SSlg-closed set. For this {(e ,{a}) , (e,,4) } is not
SSlg-open.

{(e.9)  (&.X) }F={(e,X) , (e,,9) }- Then int{(e,,X) , (e,,¢) }= {(e.X),
(e,,¢) }, Hence cl(int{(e,,X),(e,,4) })= X.. Therefore cl(int{(e,,X),(e,,d) })-
{(e,,X) , (e,,0) }= {(e,,9) , (&,,X) }e! . Thus {(e,X), (e,,d) } is not SSlg-
closed set. For this {(e,,®) , (e,,X) } is not SSIg-open.

{(e..{a}) . (e, {a}) }'={(e, {b}) , (e, {b}) }. then int{(e, {b}) , (e, {b}) }=
{(e.{b}) , (&,,9)}, Hence cl(int{(e, {b}) , (e,,{b})})= X.. Thus {(e.{b}),
(e,,{b})} is SSlg-closed set. For this {(e,,{a}), (e,,{a}) } is SSlg-open.
{(e.0) , (e, {a}) }={(&,.X) , (e, {b}) } then int{(e, X) , (e, {b}) }= {(&.X)
, (&,,4) }, Hence cl(int{(e,,X) , (e,,{b})} = X . therefore cl(int{(e,,{X3}) ,
(e,,{b}) H-Xc.=¢. €. Thus {(e,,{X}), (e, {b}) } is SSlg-closed set. For

this {(e ,9), (e,,{a}) } is SSIg-open.
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{(e.{a}) . (e, F={(e,{b}) , (e, X) }. Then int{(e, {b}) , (&, X) }=
{(e,,{b}).(e,,{a})}, Hence cl(int{(e,,X) , (e, {b}} = X. . Therefore
cl(int{(e,,{b}).(e,,X)})- X =4, €l. Thus {(e, {b}).(e,,X) } is SSlg-closed
set. For this {(e,,{a}), (e,,9) } is SSlg-open.

Now, int (A,E)=U{(G,E);(G,E) is SSIg-open and (G,E) & (AE)}={(e,,0),
(e, {ap)}u{(e {a}).(e,,0)  JU{(e . {a}).(e,.{a})}={(e: . {a}).(e; {a})}, thus
(AE)zint (AE). o

Propositon (2.2.5):

Let (A,E) be any soft set in (X,t,E,1). Then int(A,E) & int (A,E).

Proof:

Let x€int(A,E). Then there exists a soft open set (V,E) such that x€
(V,E) & (A,E). But we have by Corollary(2.1.4) we get that (V,E) is SSlg-
open set and x& (V,E)e&(A,E). Hence x&int (A,E), thus int(A,E)cint (A,E).
O
Remark(2.2.6):

int(A,E) = int (A,E) in general.

Example(2.2.7):
Let X={a,b,c},E={e,e,} andt= {4 , X; }, let (AE) be a soft set

such that (AE) = {(e,,{a}) , (e,,X) }. Let 1 ={4.}.Thena&€(AE) ¢ (AE)
and (A,E) is SSlg-open set , then aé&int (A,E). But there is no soft open set
(V,E) such that a¢ (V,E) & (AE), therefore agint(A,E). Thus int (AE)
zInt(AE). o
Theorem(2.2.8) :

If (A,E) is an SSIg-open set in (X,t,E,1), then int (A,E)= (AE).
Proof:

For any soft subset (AE) of (X,7,E), int (AE)e(AE). Let x&(AE)
.Then x€ (A,E) ¢ (A,E) and (A,E) is an SSlg-open which implies x is a
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SSlg-interior of (A,E). Hence x & int (A,E). Therefore (A,E)cint (A,E). Hence
int'(A,E)= (AE). o
Corollary (2.2.9):

In (X,7,E,I), int' (¢, )=¢. and int’ X.=X..

Proof:

Itis clear. o
Proposition(2.2.10):

Let (A,E) and (B,E) be soft sets in (X,z,E,I). If (B,E) is any SSIg-open
set contained in (A,E), then (B,E) ¢ int (A,E).

Proof:

Let x&(B,E). Since (B,E) is SSIg-open set contained in (A,E), x is a
SSIg-interior point of (A,E). x € int (A,E). Hence (B,E)cint (AE). o
Remark(2.2.11) :

Let (A,E) be a soft set in (X,z,E,1), then int (int (A,E))=int (A,E).

Proof:

int (int (A,E))= O {(U,E) ; (U,E) € SSIGO(X) and (U,E)cint (AE)} = O
{(UE) ; (UE) e SSIGO(X) and (U,E)cint’ (AE) & (AE)} = O{(UE) ;
(U,E) € SSIGO(X) and (U,E)& (A,E)}= int (A,E). Therefore, int (int (A,E)) =
int'(A,E). o
Proposition(2.2.12):

If (A,E) and (B,E) are any two soft sets in (X,t,E,I) and (A,E) " (B,E)=
4., then int (A,E) Avint (B,E)= 4, .

Proof:

Given (A,E) A (B,E)=4¢, . To prove that int (A,E) Aint (B,E)=4, . We have
from Theorem (2.2.3) that int’(A,E) & (A,E) and int (B,E) & (B,E). Therefore
int"(A,E) Aint (B,E) & (A,E) A (B,E)= 4., thus int (AE) Aint (B,E)=4¢, . O
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Theorem (2.2.13):
If (A,E) and (B,E) are any two soft sets in (X,t,E,I), then
int'(A,E) Uint’ (B,E)cint {(A,E) " (B,E)}.

Proof:

Since (A,E)e(AE)S(B,E) and (B,E)e(AE)(B,E), then int' (AE)e
int {(A,E)0(B,E)} and int'(B,E)cint {(A,E) (B,E)}, therefore int' (AE)C
int' (AE) & int {(A,E)0(B,E)}. o
Remark(2.2.14) :

int (A,E)Sint (A,E) = int ((A,E)O (B,E)) in general.

Example:

Let X={ab} , E ={e,e,}, 1={¢.} and © = {4. , X.,(B,E)}, let
(AE)and (B,E) are a soft sets such that (A,E) = {(e,,{a}),(e,,4)} and (B,E) =
{(e, {b}).(e,,X)}. Then int'(A,E)= 4. since ¢ is the only SSlg-open which
contained in (AE). Also int (B,E)= (B,E) since (B,E) is SSlg-open set,
therefore int (A,E) 0int (B,E)= {(e,.{b}) , (¢,,X) }.

On the other hand (A,E)O(B,E)=X., so int{(A,E)O(B,E)}=x. by
Corollary(2.2.9). Thus int{(A,E)"(B,E)}aint (A,E)0int (B,E). o
Theorem (2.2.15):

If (AE) and (B,E) are two soft sets in (X,t,E,l), then int'((A,E)A
(B,E))=int (A,E)Aint (B,E) .

Proof:

Let x € int ((A,E) A (B,E)). Then there exists a SSIg-open set (U,E) such
that x & (U,E) & (A,E) A (B,E) & (A,E). This implies that x€ int (AE). Also x &
(UE) & (AE)A(BE)e(B,E). So x&int(B,E). Hence x&int (AE)A
int (B,E), therefore int” ((A,E) A (B,E)) ¢ int (A,E) Aint (B,E).

On the other hand let x&int (ALE)A int'(B,E) )cint' (A,E) and x&
int' (A,E) Aint'(B,E))cint (AE), so x&int (AE) and x&int (B,E) then there
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exist two SSlg-open sets (U,E)and(V,E) such that x€ (U,E)c(A,E) and x€
(V,E)&(B,E), then xe (U,E)~(V,E)&(AE) and x€ (U,E)~(V,E) & (B,E), so x
e(U,E)N(V,E)e(A.E)~(B,E) and (UE)N(V,E) is an SSlg-open set by
Corollary(2.1.24). Therefore xé&int ((A,.E)A(B,E)), hence int (AE)A
int'(B,E)cint ((A,.E) A(B,E)). Thus int ((A,E)A(B,E))=int (A,E)Aint (B,E).

O

2.3 SSlg-closure set

Definition(2.3.1) :

For any soft subset (A,E) in a soft topological space (X,z,E) with an
ideal 1, the SSlg-closure of (A,E), denoted by cl (A,E), is defined by the
intersection of all SSlg-closed sets containing (A,E).

Proposition(2.3.2) :

For a soft set (A,E) in (X,t,E,1), then (A,E) & ¢l (A,E).
Proof:

Let x & (AE). By the definition of SSIg-closure of (AE), x&cl (A,E).
So (AE) & cl'(AE). o

Remark (2.3.3):

If (B,E) is any SSIg-closed set and (A,E) & (B,E) then ¢l (AE) & (B,E).
Proof:

By the definition of SSig-closure, ¢l (AE)= ~{ (F,E); (F,E) is SSIg-
closed and (A,E)&(F,E)}. Therefore cl'(AE) is contained in every SSlg-
closed set containing (A,E). Since (B,E) is SSIg-closed set and (A,E) & (B,E),
cl'(ALE)e(B,E). o

Theorem (2.3.4):
If (A,E) is SSIg-closed set in (X,t,E,I), then (A,E)= ¢l (A,E).
Proof:
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By the definition of SSIg-closure, (A,E)ecl (AE). Also (AE)&(AE)
and (A,E) is SSIg-closed set, and by Remark(2.3.3) , ¢l (A,E)&(A,E). Hence
(AE)=cl (AE). o

Remark(2.3.5):

The following example shows that the converse of Theorem (2.3.4)

need not be true in general.

Example:

Let X={a,b,c},E={e,e,},1={4.} and 1= {4. , X, (AE) }, where
(AE) be a soft set such that (A,E) = {(e,,{a,b}) , (e,,{b,c}) }.

Then (A,E) be a soft set we need to compute the SSIg-closure of it, so the soft
sets which containing (A,E) are (A,E), (B,E) ={(e,,{a,b}) , (e,,.X) }, (C,E) =
{(e,.X), (e, {biC}) }, X

Now we shall check which of them is an SSIg-closed set.

For (AE), int(A,E)= (A,E) since it is soft open set, then cl(int(A,E))=
cl(A,E)= X_..Since (A,E) is soft open and (A,E)=(A,E), hence cl(int(AE))-
(AE)¢ I, thus (A,E) is not SSIg-closed set.

For (B,E), int(B,E)= (A,E) since it is soft open set . then cl(int(B,E))=
cl(A,E)= X..Since X. is the only soft open set for which (B,E)& X, hence
cl(int(A,E))- X. € I, thus (B,E) is SSlg-closed set.

For (C,E), int(C,E)= (A,E) since it is soft open set . then cl(int(C,E))=
cl(A,E)= X..Since X. is the only soft open set for which (C,E)& X., hence
cl(int(C,E))- X, € I, thus (C,E) is SSlg-closed set.

Therefore, the SSlIg-closure of (A,E) is ¢l (AE) = (B,E)A(B,E)~A X, =(AE),
thus ¢l (A,E) = (A,E) , but (A,E) is not SSIg-closed set. o

Note(2.3.6):
The Example in Remark(2.3.5) shows that cI"(A,E) is not SSlg-closed

set in general.
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Corollary(2.3.7) :
In (X,7,E.1), cl'(4,.)=4¢, and cl' (X, )=X,.

Proof:

Follows from Remark(2.1.6), Theorem (2.3.4). o
Theorem (2.3.8):

If (A,E) and (B,E) are any soft sets in (X,7,E,l) and (A,E)&(B,E) then
cl'(AE)zcl (B,E).

Proof:
Let x € cl'(B,E). By the definition of cl"(B,E), then there exsits SSIg-
closed set (F,E) such that (B,E) E (F,E) and x ¢ (F,E). Since (A,E) & (B,E),

(AJE)e(B,E)&(F,E) and x¢ (F,E) which is SSlg-closed, so x & cl'(A,E). That
is cl'(A,E)ecl(B,E). o
Theorem(2.3.9) :

If (A,E) and (B,E) are any two soft sets in (X,7,E,), then ¢l (A,E) "
cl'(B,E)ecl ((A,E) O (B,E)).

Proof:

Let (A,E) and (B,E) be any two soft sets in (X,7,E). Clearly (A,E)&
(A,E) " (B,E) and (B,E) (AE) O (B,E). By Theorem(2.3.8), we have cl (A,E)
ccl ((AE)O(B,E)) and cl'(B,E)ecl ((AE)S(B,E)). Hence cl'(AE)T
cl'(B,E)ecl ((A,E) O (B,E)). o
Remark (2.3.10) :

cl'(A,E)ocl (B,E)=cl ((A,E) O (B,E)) in general.

Example:

Let X={a,b,c} , E ={e,e,}, I={4.} and 1 = {4, X., (AE) ,(B,E)
,(C,E) ,(D,E),(H,E) }, where (AE),(B,E),(C,E),(D,E) and (H,E) are soft sets
such that (AE) = {(e,.{ab }) , (e, .{a}) }.(B.E) ={(e;.{ab}) .(e,. {b})}.
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(CE) = {(e,{ab }) .(e;,X) }, (D.E) = {(e, {a.b}) , (e, {a,0}) } and (H,E) =
{(e.{ab}), (e.4) }.

Now (AE) = {(e.{ab }) , (e, {ah)} and (B.E) = {(e.{ab}) ,
(e,,{b})} . Then the SSlg-closed set which contains (A,E) are X,
{(e{ab}), (e, {ach}, {(e.X), (e;.{abh)}, {(e.X) , (e,.{ach)} and {(e
X) , (e, {a})}. Therefore cl' (A E)= X, A{(e, {a.b}).(e,{fa.cH}I~{(e,.X)
(e, {a.b})F A {(e,. X) , (e, . {ach}N{(e.X) , (e, {a})}={(e {a.b}).(e, {a})}-
And the SSlg-closed set which contains (B,E) are X.,{(e,{ab}),
(e, {a,0})}{(e . X).(e,.{a,b})}.{(e;,X), (e;.{b,c})} and {(e,.X) , (e,.{b})}.
Therefore cl'((B,E)=x. A{(e, {a,b}).(e,.fa,b NI~ {(e,.X).(e,.{a,bP}A
{(e,X), (e,,{bicH} A {(e, . X) , (e, {b})}={(e; . {a,b}).(e,.{b})}.

On the other hand (A,E)O (B,E)= {(e,,{a,b}),(e,.{a,b})}, Then the
SSlg-closed set which contains (A,E) O (B,E) are X, and {(e,,X), (e,,{a,b})}.
Therefore ¢l {(A.E)o(B,E)}= X. A{(e,.X),(e,{a,b}}={(e,.X), (e,.{fa,b})}.
Hence cl'{(AE)OBE}={(e.X) . (e, {abN}e{(e {ab}) (e, .{a.b})}=
cl"(AE)O cl'(B,E).Thus cl {(A,E)> (B,E)}&cl (AE)ucl (B,E). o
Remark (2.3.11) :

If (A,E) and (B,E) are any soft sets in (X,t,E,I) and cI"(A,E) Acl’(B,E)=
¢.then (A,.E) A (B,E)= ¢..

Proof:

Let cl'(AE)Acl'(B,E)= 4.. To prove that (AE)A(B,E)=¢,. Since
(AE)A(B,E) ecl (AE)Acl (B,E)= ¢.. Hence (ALE)A(B,E)= 4. O
Theorem (2.3.12):

If (A,E) and (B,E) are any subsets of a soft topological space (X,7,E)
with an ideal 1, then cI"((A,E) A (B,E)) &cl'(A,E)Acl'(B,E).

Proof:
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Let (AE) and (B,E) be sets in (X,t,E,l). Also (AJE)N(B,E) & (AE) &
(AE)A(B,E) & (B,E). Therefore by Theorem(2.3.8), we have cl ((A,E)A
(B,E)) ecl'(AE) and cl ((AE)~A(B,E))ecl (B,E).Therefore cl ((4.E)A
(B,E)) & cI'(AE)A cl'(B,E). o
Remark(2.3.13) :

cl ((AE)A(B,E)) = cl (AE)A cl (B,E).
Example:

Let X={a,b,c} , E ={e,e,}, I={¢.} and 1 = {4, X., (AE) ,(B,E)
,(C,E) ,(D,E),(H,E) }, where (A,E),(B,E),(C,E),(D,E) and (H,E) are soft sets
such that (ALE) ={(e,,{a }) ., (e,,{a,b}) }, (B,E) = {(e,,X) , (e,.{a,c}}, (C,E)
={(e.{a}), (&, X)} (D.E)={(e,{a}), (e,.{a}) } and (HE) = {(e, {2 }) ,
(e;{ac}) }. We have (AE) = {(e,.{a}) , (e;,{ab})} and (M,E) = {(e;,{b })
(e, {b.cH}. Then cl'((AE)A(ME))=cl {(e;.¢).(e, {bNI={(e:.9) (e, . {b}}-
Now we compute ¢l ((A,E)). (AE) is soft open set, it is not SSlg-closed set,
the SSlg-closed sets containing (AE) are {(e,X) , (e, {a,b})},
{(e..{ab}) , (e, {ab})} and {(e, {a,b}) , (e, X)} , then cl'((AE))= {(e..X) ,
(e, {ab})FA{(e {ab}) . (e, {ab}}IN{(e, {ab}) , (e, X)}= {(e, {ab}) ,
(e,,{a,b}}. For cl'(ME)) since (M,E) is SSlg-closed set, then
cl'((M,E))=(M,E), therefore cl'(A,E)Acl (M,E)={(e,,{b}),(e,.{b})}. Thus
cl (A E)Acl (M,E)zcl (A,E)A(M,E)). o
Proposition(2.3.14) :

For an x€X, x&cl (A,E) if and only if (V,E) A (AE)# ¢. for every SSIg-

open set (V,E) containing x.
Proof:

Let xeX,x&cl (AE). To prove (V,E)A(AE)# ¢, for every SSIg-open
set (V,E) containing x. We prove this by contradiction. Suppose that there

exists a SSIg-open set (V,E) containing x such that (V,E)~(A,E)= 4.. Then
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(AE)e(V,E)°and (V,E)°is SSIg-closed set . Hence ¢l (A,E) & (V,E)°. Therefore
¢l (AJE)A(V,E)= ¢4.. This implies that x & cl (A,E) which is a contradiction.
So (V,E)A(A,E)# ¢. for every SSIg-open set (V,E) containing x.

Conversely, let (V,E) " (AE)# 4. for every SSlg-open set (V,E) containing x.
To prove that x & cl (A,E). We prove this by contradiction. Assume that x &
cl"(AE).Then there exists a SSIg-closed set (F,E) such that (A,E) & (F,E) and
x¢ (F,E), then (F,E)® is SSlg-open set containing x with (F,E)°A (A,E)=¢,
which is a contradiction. Hence x&cl (A,E). o

Proposition(2.3.15):
Let (A,E) be any soft set in (X,t,E,1). Then cl'(A,E)&cl(A,E).

Proof:

let x¢ cl(A,E) so by Proposition (2.3.14) there exists a soft open set
(V,E) such that xe (V,E) and (V,E)"(AE)= ¢.. But by Corollary (2.1.4)
(V,E) is SSlg-open set and xé& (V,E) and (V,E)A(AE)= 4., therefore x¢
cl"(AE). Thus cl'(A,E) & cl(AE). o
Remark(2.3.16):

Clg(A,E)QCl*(A,E) in general and also ¢l (AE) = Cl(AE).

Example:

Let X={a,b,c}, E={e.,e,}, I={4.} and 1 = {4, X. }, let (A,E) be a
soft set such that (A,E) = {(e,,{a,b }), (e,.{a}) }. Then the SSig-closed set
which containing (AE) are X., {(e,{a,b}),(e,,{a,c})}, {(e, . X) , (e,,{a,b})},
{(e,X) , (e, {a.cH} and {(e,,.X) , (e,.{a})}. Therefore cl ((AE)= X.A
{(e {a.b}).(e, {ach)F A {(e,X) , (e, {ab})}A{(e,X) (e, {achH} N {(e. X) ,
(e, {a})}={(e, {ab}).(e,.{a})}.

On the other hand cl((A,E)= X, . Thus cl(A,E)Zcl (AE). o
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Theorem(2.3.17) :
If (AE) is a soft subset in (X,7,E,l), then ¢l (A,E) = c'{ ¢l (A,E)}.

Proof:

cl'{ cI'(AE)}= A{(UE); (UE)ESSIGC(X) and cl'(AE)e(U,E) }=
A{(U,E); (U,E)ESSIGC(X) and (AE)ccl’(AE)e(U,E)}= A{(U,E); (UE)
€ SSIGC(X) and (A,E)e(U,E)}. Thus, ¢l (AE) =cl'{cl (AE)}. o
Theorem(2.3.18) :

For any soft set (A,E) in (X,7,E,1), {c"(A,E)}* = int (A,E)".

Proof:

For any point x€X,x & {cl (A,E)}° implies x & cl (A,E). Then there exists
SSlg-open set U containing x, (A,E)A(U,E)= 4.. So x& (U,E) & (AE)". Thus
x& int'(AE)°. Conversely, let x&int (A,E)°. There exists a SSlg-open set
(ZE) such that x&€ (U,E)c(AE)° that is xé (U,E) and (U,E)A(A,E) and by
Theorem (2.4.14). So x& cl (AE). This implies that x& { ¢l (A,E)}". o
Remark (2.3.19):

For any soft set (A,E) in (X,7,E,l), {int'(A,E)}°=cl (A E)".

Proof:

Follows from Theorem (2.3.18). o
Remark (2.3.20):
For any soft set (A,E) in (X,7,E,1), ¢l (A,E) ={ int (A,E)}°.
Proof:
It is clear by Theorem (2.3.18). o
Theorem(2.3.21) :
For any soft set (A,E) in (X,7,E,I), int"(AE)={ ¢l (AE)}.

Proof:

Let x€int (A,E). Then there exists a SSIg-open set (U,E) such that x &
(UE) & (AE). Hence x&cl (AE)°. Therefore x&{cl (AE)® }°. Hence
int (A,E) & {cl'(AE)°}°. Conversely, let x& {cl (A,E)° }°. This implies that x
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¢ cl'(A,E)°. Then there exists a SSIg-open set (U,E) with x& (U,E) A (AE)’=
¢. . That is there exists a SSIg-open set (U,E) with x€ (U,E) & (A,E). So x€
int (A,E). Therefore { cl'(AE)}° & int (A,E). Hence int (A,E)={ cl'(A,E)}".

O

2.4 SSlg-derived set

Definition(2.4.1) :
Let (A,E) be a soft set in (X,z,E,l), x€ X is called SSlg-limit point of
(A,E) if for each SSlg-open set (U,E) containing x such that (U,E) A (A,E)-
{x}=¢..

Example:

Let X={a,b,c},E={e,e,}andt= {94 , X:, (AE)} where (AE) be
a soft set such that (A,E) = {(e,,{a}) , (e,,X) }. Let 1 = {4.}. Then a€ (AE)
and a€ (B,E) ={(e,,{a}) , (e,,{a})} and (B,E) is SSlg-open set since (B,E)°=
{(e,{b,c}) , (e,,{b,c}) }. Then int(B,E)° = ¢ and cl(int((B,E)° ))= ¢,
therefore cl(int((B,E)%))- X. = 4. €/. But (B,E) A (A,E)- {a}=¢. . Thus a is not
SSIg-limit point of (A,E). o
Note(2.4.3) :

The set of all SSlg-limit points of (A,E) denoted by D(A,E) ( the
SSIg-derived set of (AE)) .

Proposition(2.4.4) :
For any two soft subsets (A,E) and (B,E) in (X,7,E,l), if (A,E)=(B,E),
then D(A,E)e D(B,E).

Proof:
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Let x¢ D(B,E). Then there exists a SSIg-open set (U,E) such that x
€ (U,E) and (U,E)A(B,E)-{x}=¢. . But (A,E)=(B,E), then (U,E) A (A,E)-{x}
&(U,E)A(B,E)-{x}=4.. Hence (U,E)A(AE)- {x}=4,, therefore x& D(AE).
Thus D(AE)e D(B,E). o
Proposition(2.4.5) :

For any two soft sets (A,E) and (B,E) in (X,r,E,I), then D(AE)C
D(B,E)= D((A\E) > (B,E)).

Proof:

Since (AE)e((AE)O(B,E)) and (B,E)e((AE)O(B,E)). Then by
Proposition(2.5.3) we get that D(AE)e D((A,.E)o(B,E)) and D(BE)ec
D((A,E)" (B,E)). Therefore D(AE)O D(B,E) & D((AE)O (B,E)).

On the other hand let x¢ D(A,E) OD(B,E), then x¢ D(AE) and x ¢
D(B,E) that is there exists two SSlg-open sets (V,E)and(U,E) containing x
such that (U,E)A(AE)-{x}=¢., and (V,E)"(B,E)-{x}=¢., since (U,E)A
(V,E) is SSlg-open set by Theorem (2.1.22) and ((U,E)~(V,E))A((AE)T
(B.B)) -{x} = {((UE)ANV.E)A (AE) -{x3}S{((U.E)A(V.E) A (B.E)-{x}}=
¢. , therefore x¢ D((A,E) & (B,E)), hence D((A,E)" (B,E))e D(AE)O D(B,E).

Thus D(A,E)S D(B,E)= D((A,E) (B,E)). o
Proposition (2.4.6):

For any two soft sets (A,E) and (B,E) in (X,t,E,l), then D((A,E)A
(B,E)) & D(A[E)A D(B,E).

Proof:

Since (A.E)A(B,E)=(AE) and (AE)A(B,E) & (B,E), then D((AE)
A(B,E)) & D(AE) and D((AE)A(B,E))e D(B,E). Therefore D((AE)A
(B,E))e D(AE)A D(B,E). o
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Remark(2.4.7) :
For any two soft sets (A,E) and (B,E) in (X,7,E,I), then D(AE)A

D(B,E)Z D((A,E)A(B,E)) in general.

Example :
Let X= {a,b} , E = {e,6,}. Let t = {g. , X, (CE) ,(D,E),(H,E)}

where (C,E)and (D,E) are soft sets such that (C,E) = {(e,,{b}) , (e,,¢) },
(HE) = {(e,,{b}) , (e, {b}) } and (D.,E)= {(e;.¢).(e,.{b})} let 1 ={4.}
(AE)={(e.{a}) . (e,.{a.b}) } and (B,E)= {(e, .{a,b}).(e,.{a})}.

Then a€ (A,E) and a€ X, is the only SSIg-open set which containing a
and X A(AE)-{x}=4. then a€D(AE) and a& (B,E) and a& X, is the only
SSlg-open set which containing a and X. A (B,E)-{x}=¢., then a& D(B,E),
so aéD(A,E)A D(B,E). But (A,E) A (B,E) = {(e,,{a}) , (e, ,{a}) }, therefore
a¢ D{(e {a}).(e,.{a})}, hence ag D((A,E)~A(B,E) ), thus D(A,E)~A D(B,E)
Z D((AE)A(B,E)). o
Proposition (2.4.8):

For any two soft sets (A,E) and (B,E) in (X,t,E,l), D(D(AE))) &
D(AE).

Proof:

Let x¢& D(A,E), then there exists SSlg-open set (V,E) containing x
such that (V,E)N(A,E)- {x}=4., We prove that x ¢ D(D(A,E)). Suppose on the
contrary that xé D(D(A,E)). Then for each SSlg-open set (U,E) continuing x
we have , (U,E)A D(A,E)- {x}=4,. Therefore there is y=x such that yé&

(UE)A D(AE)- {x}. It follows that y&{(UE)-{x}~(AE)-{y}}. Hence
{(U,E)-{x}~ (A,E)-{y}}=4. a contradiction to the fact that (V,E) " (AE)-

{x}=¢, , therefore x & D(D(A,E)). Thus D(D(A,E)))& D(AE). o
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2.5 SSlg-border set

Definition(2.5.1) :

For any soft subset (A,E) in a soft topological space (X,z,E) with an
ideal 1. An element x € (A,E) is SSlg-border of (A,E), if every SSlg-open set
(V,E) continuing x intersects with (A,E), the set of all SSlg- border
elements of (A,E), denoted by b"(A,E)(is an SSIg-border set of (A,E) ).
Proposition(2.5.2) :

For any soft subset (A,E) in a soft topological space (X,7,E) with an
ideal I. b"(A,E)= (A,E) Acl (AE)°.
Proof:

We have x&b'(AE) iff x&(AE) and for each SSlg-open (V,E)
continuing x such that (V,E) A (A,E)°=4,, iff (V,.E)z(AE), iff xzint (AE)°
by Definition(2.2.1). Iff x& X_-int'(A[E)* , iff x&cl'(AE)F by
Remark(2.3.19), iff xe(A,E) Acl (A,E)°. Thus b"(A,E)= (A,E) Acl (AE)’. o

Proposition(2.5.3) :
For any soft set (A,E) in a soft topological space (X,z,E) with an ideal

(1) b(4.)=b'(X.)=4.,

(2) b (A,E)= (AE)- int (A,E),

(3) (AE)-b"(AE)=int (AE),
Proof:

(1) By Proposition(2.5.2) we get b (4.)= 4. Acl' (), b(s)=4¢ .
On the other hand b'(X,)= X, Acl’(X.)’=X, Acl'(4)=4¢ , thus
b™(¢.)=b"(X.)=¢..

(2) By Theorem(2.5.2) and by Remark(2.3.3) then b"(AE)= (AE)A
cl’(A,E)° = (A,E) -{cI"(A,E)’}° = (A,E) - int (A,E).
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(3) By Theorem(2.5.2) (A,E)-b"(A,E)= (A E)-{(A,E)Acl' (AE)}= (AE)
A{(AE)Acl (A E)}=(AE)Aint (AE) by Remark (2.3.20).
Therefore (A,E)-b"(A,E)= int (A,E) by Proposition(2.2.3). o

Corollary (2.5.4):
Let (AE) be any soft set in a soft topological space (X,,E) with an
ideal I. Then b’ (AE) & (AE) .

Proof:

By Proposition(2.5.2), b"(A.E)= (AE)Acl(AE)°c(AE), Thus
b"(AE)e (AE). o
Corollary (2.5.5):

Let (M,E) be any soft set in (X,z,E,1). Then b"(M,E)&b(M,E).

Proof:
By Propositions(2.5.2),(2.3.15), b (M,E)=(M,E)Acl’(M,E)°c (M,E)
Acl(M,E)® = b(M,E). Thus b (M,E) e b(M,E). ©
Remark(2.5.6):
The equality in Corollary(2.5.5) need not true in general .

Example:

Let X={ab,c}, E={e,e,},1={4.} and 1 = {4, X, (AE) ,(B,E)
,(C,E) ,(D,E),(H,E) }, where (A,E),(B,E),(C,E),(D,E) and (H,E) are soft sets
such that (AE) = {(e,.{a,b }) , (e,.{a}) }.(B.E) ={(e,.{a,b}) .(e,.{b})}, (C,E)
= {(e.{ab}) (e, X) }. (D.E) = {(e.{ab}) , (e, {ab}) } and (H,E) =
{(e..{a.b}) , (e,,9) J-
Now (D,E)= {(e .{ab})(e,,{a,b})}, then the SSlg-closed set which
containing (D,E) are X. and {(e,,X), (e,,{a,b})}.
Therefore cl'(D,E)= X, ~A{(e,,X) , (e, {fa,bN}={(e,,X) , (e,.{fab})}.and
(D,E)® ={(e,,{c}) , (e, {c})}, but (D,E)° is SSlg-closed set since it is soft
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closed set then cI'(D,E)*={(e, {c}),(¢,.{c}}, therefore bd"(D,E)= ¢l (D,E) A
cl'(D,E)= {(e,.{c}) . (e,,9)}

On the other hand b"(D,E)=(D,E) Acl'(D,E)°=4¢., Thus bd (D,E)&
b"(D,E). o
Corollary (2.5.7):

Let (AE) be any soft set in (X,7,E,1). Then b"(A,E) & bd(AE).

Proof:

Follows from Proposition(2.3.15). o

2.6 SSlIg-boundary set

Definition(2.6.1) :

For any soft set (A,E) in (X,7,E,I). An element xeX is SSIg- boundary
of (A|E), if for every SSlg-open set (V,E) continuing x intersects both (A,E)
and (A,E)°, the set of all SSlg-boundary elements of (A,E), denoted by
bd"(A,E).
Proposition(2.6.2):

For any soft subset (A,E) in a soft topological space (X,z,E) with an
ideal 1. bd"(A,E)=cl’(A,E) Acl (A E)°.
Proof:
We have x& bd"(A,E) iff for each SSIg-open (V,E) continuing x such
that (V.E)N(AE)=¢. and (V.E)A(AE) =4, iff (V,E)Z(AE) and (V,E)
& (AE)S, iff xzint (A,E) and xzint (A,E)® by Definition(2.2.1). Iff x& X, -
int'(A,E) and X& X_-int (A,E)°, iff x&cl (AE) by Remark(2.4.24) and x &
cl’(AE)S, iff x&cl'(A.E)Acl (A E). Thus bd (A,E)= cI'(A,E)Acl (A E). o
Remark(2.6.3):
bd"(A,E)°= bd"(A,E).
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Proposition(2.6.4) :
For any soft set (A,E) in (X,7,E,I). Then

(1) bd"(%)=bd"(*e)=",

(2) bd"(AE)= cl'(A,E)- int (AE),

(3) (A,E)-bd"(A,E)= int (AE).
Proof:

(1) By Proposition(2.6.2) we get bd'(¢.)= cl'(4.)~Acl’(4.)° and by
Corollary(2.3.8) that bd (4,)=¢. . On the other hand bd"( X, )=cl'(X.)A
cl"(x,)°=cl’(X.)Acl’(4.)=¢. . Thus, bd" (4, )=bd (X.)=4,.

(2) By Proposition(2.6.2) and by Remark(2.3.20), then bd”(A,E)= cl (A,E)
Acl (AE)® = cl' (A E)-{cI"(A,E)} = cI'(AE)-int (AE).

(3) By Proposition(2.6.2), (A,E)-bd"(A,E)=(A,E)-{cI" (A, E) Acl'(AE)}=
(AE) A{cl"(A.E) Acl (A E)I={(AE) Aint (A,E)}o {(AE) Aint (A E)}
by Remark (2.3.20). Therefore (A,E)-bd (A,E)= int’ (A,E) by Theorem
(2.2.3). o

Remark (2.6.5) :
Let (AE) and (B,E) be any soft sets in (X,7,E,I). Then bd {(A,E)C
(B,E)}=bd (A,E)0bd (B,E) and bd {(A,E)A(B,E)}=bd (A,E)Abd (B,E) in

general.

Example:

Let X= {a,b,c}, E = {e,e,}, I={4.} and t = {4.,X., (A,E) ,(B,E)
,(C,E) ,(D,E),(H,E) }, where (AE),(B,E),(C,E),(D,E) and (H,E) are a soft sets
such that (AE)={(e, {ab }).(e;{a})}, (B.E)={(e, {ab}).(e;.{b})} (C.E)=
{(e,.{ab}).(e,,X)}, (D.E) = {(e, {a,b}),(e, . {a,b})} and (H,E) = {(e, {a,b }),

(e,,¢)}-
Now for (A,E) and (B,E). Then the SSIg-closed sets which contains (A,E) are

Xe, (e {ab})(e.{ach} {(e.X) , (e, {abh}, {(e.X) , (e, {ac})} and
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{(e,,X) , (e,,{a})}. Therefore, cl (AE)= x. A{(e,.{a.b}).(e,{a.cHI~A{(¢,
X),(e,.{a,b})} A {(e, . X).(e, . {a.c})F A {(e,X).(e, . {a})}={(e, {a.0}).(e,
{a})}. And the SSlg-closed set which contains (B,E) are X.,{(e.{ab}),
(e;.{a,b})}.{(e,,X),(e, {a.0})}.{(e,,X), (e, {b,c})} and {(e,,X) , (e, {0})}.
Therefore cl'((B.E)= X, A{(e .{a,b}).(e,.{fa.bNIA{(e,.X),(e, {a,bP}A
{(e,.X) , (e, {b.ch} A {(e,X) , (e,.,{b})}={(e,.{a,b}).(e,.{b})}. And since
(A,E) €1 hence (AE)° is soft closed set and by Proposition(2.1.3) we get it is
SSlg-closed set , therefore by Theorem(2.3.4) , cl (A E)=(AE)’=
{(e, {c}),(e,{b,cH}. Hence by Proposition(2.6.2.) bd (AE)= cl (AE)A
cl'(AE)°’={(e,,4).(e,,¢)}. Also since (B,E) &t hence (B,E) is soft closed
set and by Proposition(2.1.3) we get it is SSlg-closed set , therefore by
Proposition(2.4.4) , cl'(B,E)*=(B,E)’= {(e,{c})(e,,{a,c})}. Hence by
Proposition(2.6.2)  bd"(B,E)= ¢l (B,E)~cl'(B,E)’={(e,,¢).(e,,4)}. Then
bd"(A,E) O bd"(B,E)= {(e,,4).(e,,6)} O {(e:,9).(e,.4)}= 4 -

On the other hand (AE)O(B,E)= {(e ,{a,b}),(e,,{a,b})}. Then the
SSlg-closed sets which contains (ALE)O(B,E) are X. and {(e,X) ,
(e,,{a,b})}. Therefore cl {(A,E)C (B,E)}= x. ~{(e,,X), (e,.{a.b}}={(e,,.X)
, (e,,{a,oN}. Hence cl {(A,E) O (B,E)}={(e,.X) , (e,.{fa,b})}. And since (AE)
O(B,E) €t ,hence {(AE)U(BE)} is soft closed set and by
Proposition(2.1.3) we get it is SSlg-closed set , therefore by
Proposition(2.4.4), ¢l {(A.E) o (B,E)}*={(A,E) O (B,E)}*= {(e, .{c}). (e,.{cPH}.
Hence by Proposition(2.6.2) bd {(A,E)0(B,E)}= cl {(A,E)0(BE)}A
cl{(AE)O(B,E)}’={(e, {c}).(e,,¢)}. Thus bd{(A,E)"(B,E)}cbd (AE)C
bd"(B,E).

Now, to show that, bd " {(A,E) A (B,E)}& bd"(A,E) Abd"(B,E).
Then (A,E)N(B,E)= {(e ,{a,b}).(e,,4)}, Then the SSlg-closed sets which
contains (A,E)~(B,E) are X. {(e,,X), (e,,¢)}{(e,,X) , (e,,{a})}.{(e . X),

58



Chapter Two :Soft strongly generalized continuous mapping with respect to an ideal in soft topological space

(e, {bP}. Therefore cI {(AE)AB,E)}= x. ~A{(e,,.X) , (&,,0)}~{(e,,X) ,
(e, {ah)} " {(e, X) . (e, {b})}={(e,. X) , (e;,¢)}-
Hence cl'{(AE)AB,E)}= {(e,X) , (e,,4)}. And since (AE)A(B,E)er
,hence {(A,E) A (B,E)}° is soft closed set and by Proposition(2.1.3) we get it is
SSlg-closed set , therefore by Proposition(2.3.4), ¢l {(A,E) A (B,E)}*= {(A,E)
ABEY= {(e,.{c}).(e,,X)}. Hence by Proposition(2.6.2)  bd {(A,E)A
BE}= c{ABEABE}AC{AE)ABE}={(e,{ch.(c;.0)} Thus,
bd {(A,E)A(B,E)}abd (A,E) Abd (B,E). O
Corollary (2.6.6):

Let (AE) be any soft set in (X,z,E,1). Then bd"(A,E)cbd (AE) .

Proof:

Let xz bd (AE), then xgcl(AE) and xgcl(A[E) by
Proposition(2.3.15), then xzcl (A,E) and xzcl (AE)®, therefore xzbd (A,E),
thus bd (A,E)ebd (AE). o
Remark(2.6.7):

bd"(A,E) = bd (A,E) in general.

Example:

Let X= {a,b,c} , E ={e,e,}, I={4. } and T = {4, X }, let (A[E) be a
soft set such that (AE) = {(e,,{a,b }), (e,,{a}) }. Then the SSlg-closed sets
which contains (A,E) are X., {(e.{ab}).(e,.{a.ch}, {(e.X) , (e,,{a,b})},
{(e;,X) , (e,{acH} and {(e,,X) , (e,,{fa})}. Therefore cl'((AE)= X.A
{(e {ab}).(e, {a,ch)F A {(e,, X).(e, {a,0}) } A {(e& . X).(e, . {a,c})} A {(e;, X),
(e,.{a})}={(e,.{a,b}), (e,.{a})}. And since (A,E)et, hence (AE)° is soft
closed set and by Proposition(2.1.3) we get it is SSlg-closed set , therefore by
Proposition(2.4.4) , cl'(AE)=(AE) = {(e {c}).(e,.{b,c})}. Therefore,
bd"(AE)=cl (AE)Acl (AE)" ={(e {ab}),(e, {ah}A{(e. {c}) (e, {b,CH)}=
é. .
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On the other hand cl((A,E)= x. and cl(A[E) =X, therefore
bd(A,E)= cl (A,E)Acl (AE)°= X, . Thus bd(A,E)Z bd (A,E).
Remark (2.6.8):

Let (AE) be any soft set in (X,7,E,I). Then b'(A,E)=bd (AE).

Proof:
By Proposition(2.6.2),(2.3.2) b (A,E)= (A.E)Acl’ (AE)ccl (AE)A
cl’(A,E)° = bd"(A,E). Thus b (A,E) cbd (AE). o
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CHAPTER THREE
SOFT STRONGLY GENERALIZED MAPPING WITH RESPECT TO AN
IDEAL IN SOFT TOPOLOGICAL SPACE

In this Chapter we define five different kinds of soft mappings in soft
topological spaces with an ideal I, which are SSlg-continuous, contra-SSlg-
continuous, SSIg-open, SSlg-closed and SSlg-irresolute mappings, then we
shall use them to define the concept of SSIg-homeomorphism .

On the other hand, we studied the composition of any two soft mappings

of the same type or of different types, with proofs and examples to disprove.

3.1Basic Properties of mapping in topological space :

"Definition(3.1.1):

A mapping f: (X,t) = (Y,o) is called
(1) g-continuous if f (V) is g-closed in (X,t) for every closed set V of (Y,o).
(2) g-continuous if f (V) is g-open in (X,<) for every open set V of (Y,o).
(3) g-open map if f (U) is g-open in (Y,o) for every open set V of (X,1).
(4) g-closed map if f (U) is g-closed in (Y,o) for every closed set V of (X,1).
(5) contra-g-continuous if f (V) is g-closed in (X,t) for every open set V of
(Y,0)."[8]
"Theorem(3.1.2):

Every continuous map is a g-continuous map but not conversely."[8]

"Lemma(3.1.3):

Let X, Y and Z be topological spaces, and let f : X — Y be a
g-continuous mapping and g : Y — Z be a continuous mapping. Then the
composition g.f: X — Z of the mapping fand g is g-continuous."[8]
"Definition(3.1.4):

Let f : (X,1) = (Y,o) be a bijective function. Then the following

statement are equivalent
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(1) fis g-homeomorphism,
(2) f is g-continuous and f * is g-continuous,
(3) f is a g-continuous and g-closed mapping,

(4) f is g-continuous and g-open mapping.”[8]

3.2 Soft mappings

"Definition(3.2.1):
Let SS(X,E) and SS(Y,B) be families of soft sets over X and Y
respectively, u:X—Y and p:E—B be mappings . Then the mapping

fpu :SS(X,E) —SS(Y,B) is defined as :

1- If (F,E)eSS(X,E) , then the image of (F,E) under fpu , Written as

fpu (F.E) =( fpu (F),p(E)) is a soft set in SS(Y,B) such that

{ Y u(F@), p b)=g.
f L (F)b)=q2"® forall beB,
¢ p(b)=¢.

2- If (G,B)eSS(Y,B), then the inverse image of (G,B) under fIou , Written as
f. (GB)=( f}; (G),p™(B)) is a soft set in SS(X,E) , such that

u"G(p@)) . p@eB.

fJ(G)(a):{ forall acE,
@ 0.W.

is called a soft mapping , and it is soft bijective if p and u are bijective."[14]
Definition(3.2.2):
Let f,:SS(X,E)—>SS(Y ,K)and g.:SS(Y,K)—>SS(Z,H ) be a soft

mappings . Then (g <f) :SS(X,E)—>SS(Z,H ), if (F,E)eSS(X,E), and

(qop)(seu)

the image of (F,E) under (g of) , written as (g °f )., (F.E)

(gop)(seu)

=( (g °f )goyewy (F).A°P (E)) is a soft set.
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Remark(3.2.3):
In Definition(3.2.2) (9 °f )y.0ew =9 f

as pu *

"Theorem (3.2.4):
Let fpu: SS(X, E) > SS(YK) ,u: X —»Y,and p: E — K be

mappings. Then for soft sets (F,A) and (F;, A;) for ; ., in SS(X, E) and (G,B)
in SS(Y,K) ,we have the following properties :

1- fpu(¢E)=¢K :

2- fpu(XE)éYK :

3- fIou ((F,A)Q(G,B)):fpu (F,A)Uf o (G,B), in general we get

f L OFEAN=GF (F.A) Vien

I
1

fIOu ((F,A)Fw(G,B))gfIou (F,A)f o (G,B) , in general we get
fpu(r:\(Fi,Ai))g Af w(FLA) VieA

5- If (F,A)&(G,B), then fpu(F,A)gfpu(G,B) .

6- f.'(4)=4¢.

7- flv)=X..

8- f ((F.A)OG,B)=f '(F,A)uf '(G,B), ingeneral we get

f L GEAD=0f (R.A) VieA.,

©
1

f J(F.A)AG,B) =T (F,A)~f G,B), in general we get
fLAAFAN=AF(FLA)) VieA"[6]
"Theorem (3.2.5):

Let SS(X, E) and SS(Y,K) be two families of soft sets. For a function
fpu: SS(X, E) — SS(Y,K) such that u: X — Y, and p : E — K. Then the

following statement are true :
1- (G, By ={f,(G,B)¥ for any soft set (G,B) in SS(Y,K).
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2—f (. }(G,B))&(G,B) for any soft set (G,B) in SS(Y,K).
3—(F,A)f i, (F,A) forany soft set (F,A) in SS(X,E)."[21]

"Definition(3.2.6):
Let (X,1x,E) and (Y,v,B) be two soft topological spaces,

fpu: (X,tx,A) - (Y,1v,B) be a mapping. For each soft neighbourhood (H,E)

of (f(x),,E), if there exists a soft neighbourhood (F,E) of (x¢,E) such that
fIou ((F,E)) = (H,E), then fIDu is said to be soft continuous mapping at (Xe,E).
If fpu Is soft continuous mapping for all (x¢,E), then fIDu is called soft

continuous mapping."[14]
"Theorem (3.2.7):
(X,tx,E) and (Y,1v,B) be two soft topological spaces , fpu (X,1,E)—>

(Y,tv,B) be a mapping. Then the following conditions are equivalent:

(1) fIOu - (X, ©,E) — (Y, v ,B) is a soft continuous mapping,

(2) For each soft open set (G,E) over Y, f '((G,E)) is a soft open set over X,
(3) For each soft closed set (H,E) over Y, f '((H,E)) is a soft closed set over
Xl

(4) For each soft set (F,E) over X, fpu (cI(F,E)) & cl( fpu (F,E)),

(5) For each soft set (F,E) over X, int( fpu (FE)) S fpu (int(F,E)),

(6) For each soft set (G,E) over Y, cl( f [ (G,E)) & f; (cl(G,E)),
(7) For each soft set (G,E) over Y, f ' (int(G,E)) < int( f ' (G,E)) ."[14]
"Definition (3.2.8):

Let (X,tx,E) and (Y,1v,B) be two soft topological spaces, fIDu s (X, 1x,E)

— (Y, 1v ,B) be a mapping.

64



Chapter Three :Soft strongly generalized continuous mapping with respect to an ideal in soft topological space

(1) If the image fIou ((F,E)) of each soft open set (F,E) over X is a soft open
setinY , then fIou Is said to be a soft open mapping.

(2) If the image fIou ((H,E)) of each soft closed set (H,E) over X is a soft
closed set over Y , then fpu Is said to be a soft closed mapping."[6],[14]

"Theorem (3.2.9):
Let (X,tx,E) and (Y,ty,E) be two soft topological spaces, fpu

X,tx,E) — (Y, tv ,E ) be a mapping. Then fIOu Is a soft closed mapping if
and only if for each soft set (F,E) over X, cl( fpu (F.E)) & fIou (cl(F,E)) is

satisfied."[14]
"Theorem (3.2.10):
Let (X,1x,E) and (Y,ty,E) be two soft topological spaces, fpu

(X,tx,E) —» (Y,1v,E ) be a mapping. Then fpu Is a soft open mapping if and
only if for each soft set (F,E) over X, fIou (int(F,E)) & int(fIou (F,E)) is

satisfied."[14]
"Definition(3.2.11):
Let (X,tx,E) and (Y,tv,E) be two soft topological spaces, fIDUI

X,tx,E) — (Y, v ,E ) be a soft mapping. If fpu IS a bijection, soft
continuous and f_'is a soft continuous mapping, then fIou is said to be soft
homeomorphism from X to Y . When a soft homeomorphism fIou exists

between X and Y , we say that X is soft homeomorphic to Y."[14]
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"Theorem (3.2.12):
Let (X,1x,E) and (Y,ty,E) be two soft topological spaces, fpu

X,tx,E) —(Y,tv,E) be a soft bijective mapping. Then the following
conditions are equivalent:

(1) fIou is a soft homeomorphism,
(2) fIou Is a soft continuous and soft closed mapping,
(3) fIOu Is a soft continuous and soft open mapping."[14]

"Note(3.2.13):

If (X,z,I) is a topological space with an ideal I, (Y,5) is a topological
space and f : (X,t,I) —(Y,0) is a function, then f(I) = {f(l)) : , €1, Vi eA }is
an ideal of Y. So in this chapter we will use | as an ideal over X and f(l) is an
ideal over Y."[6]

"Definition (3.2.14):
Let (X,tx,E,l) and (Y,tv,E) be two soft topological spaces, fIDu

SS(X,E) — SS(Y,E ) be a soft mapping. then fpu Is said to be soft Ig-
continuous if the inverse image under 1‘|Ou of every soft open set in SS(Y,E) is

soft 1g-open set in SS(X,E)."[14]
"Definition(3.2.15):
Let (X,tx,E,l) and (Y,tv,E) be two soft topological spaces, fpu

X,tx,E,l1) = (Y, 1y ,E) be a mapping.
(1) If the image fpu ((F,E)) of each soft Ig-open set (F,E) over X is a soft

f(1)g-open set in SS(Y,E) , then fIou Is said to be a soft Ig-open mapping.
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(2) If the image fIOu ((H,E)) of each soft Ig-closed set (H,E) over X is a soft
f(I)g-closed set in SS(Y,E) , then fIou Is said to be a soft Ig-closed
mapping."[14]

3.3 SSIg- Continuity

Definition(3.3.1) :
Let (X,tx,A,l) and (Y,ty,B) be two soft topological spaces with an ideal

I, fpu: (X, 1x,A) — (Y, tv ,B ) be a mapping. If for each soft open set (G,B)
over Y, f '((G,B)) is a SSlg-open set over X, then fIou Is said to be SSlg-

continuous mapping.
Example(3.3.2) :
Let X={a,b,c} E = {es, e2}, Y={hy, h,, h3}, K = {ky, k:}, | ={¢}, and

1={¢., X. ,(FE)},3={¢., Y., (G,K)} be two soft topologies defined on X

and Y respectively , where (F.E)={( e {b.c}), ( & {2}, (GK)=
{( k. {h.h}), (k,{h}}. Define p:E—K suchthat p(,)=k, , p(,)=k,
andu:X =Y suchthat u(a)=h,u(b)=h, ,u(c)=h, .

Then , f :(X,t.EI) —(Y,9,K) is a soft mapping and it is an SSIg-
continuous . Since , the soft open sets in (Y,$,K) are ¢, Y, and (G,K)
then f *(4.)=¢.is a SSIg-open, f,'(Y,.)=X. isa SSlg-open.

(G K=k hY), (LD} ={( & {b.c}), (& {a}}=(FE).
(F.E)={( & .{2a}), (& {b.cH} iN(F.E)° =4,  then cl(int(F,E)*) =4, since
X_is soft open set in (X,t,E) which contains (F,E)° and cl(int(F,E)) =¢. . So
cl(int(F,E))-X.e1 . Hence , (F.E)° is a SSlg-closed. Therefore, (F.E) is an
SSlg-open . O

67



Chapter Three :Soft strongly generalized continuous mapping with respect to an ideal in soft topological space

Proposition (3.3.3):

Every soft continuous mapping is SSIg-continuous mapping .

Proof:

Let f,:(X,7,El)—>(Y,$ K) be asoft continuous mapping.
Let (H,K) be a soft open set in (Y,&,K ), since f, is a soft continuous
mapping, then f '(H,K) is soft open set, so(f '(H,K))® is soft closed set. But
we have every soft closed set is SSlg-closed from Proposition(2.1.3), then
(fpj(H,K))c is SSlg-closed, hence f (H,K)is SSIg-open set, thus f is a

SSlg-continuous mapping. o
Remark (3.3.4):

SSlg-continuous mapping need not to be a soft continuous mapping in

general.

Example:
Let X={a,b,c} .E ={es, &}, Y={hy, hy, hs}, K= {ky, ko}, 1 ={¢.} and

1= {4, X.},9={d., Y., (G,K)} be two soft topologies defined on X and
Y respectively , where (G,E)={( k,{h}), (k.{h.h}} Define
p:E—K such that p(e)=k, , p(E,)=k, and Uu:X—->Y such that
u(@ =h,,u(b)=h, ,u(c)=h .

Then, f :(XtE1I) —(Y,$,K)isasoft mapping and it is a SSIg-
continuous .

Since , the soft open sets in (Y, 3 ,K) are ¢, Y, and (G,K) then f *(¢,)=4
is a SSlIg-open, f,'(Y)=X.is a SSIg-open. . ((G.K)="T ({( k,{h.h}),
(MDY ={( adcd). ( efadbh}= (HE). inHE® =4, then
cl(int(H,E)°) =d. , since X.is soft open set in (X,7,E) which contains (F,E)°
and cl(int(F,E)%) =4.. So cl(int(F,E))-X.e 1. Hence , (H.E)° is a SSlg-

closed. Therefore, (H,E) is a SSlg-open so, f,, is SSIg-continuous but it is not
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soft continuous since (G,K) is soft open set in (Y, & ,K) but f (G, K))=
(H,E) which is not soft open set in (X,t,E,1) . Therefore f  is not soft

continuous . O

Definition(3.3.5) :
Let (X,tx,A,l) and (Y,t1y,B) be two soft topological spaces , fIou

X, t,A 1) - (Y,1y,B) be a mapping. If for each soft open set (G,B) over Y ,
f.((G,B)) is a SSlg-closed set over X, then fpu Is said to be contra-SSlg-

continuous mapping. If f_'((G,B)) is a soft closed set over X, then fpu IS

said to be soft contra-continuous mapping.
Proposition(3.3.6):

Every soft contra-continuous mapping is contra-SSlg-continuous .
Proof:

Let f,:(X,7,E)—>(Y,9,K) be a soft contra-continuous mapping.
Let (H,K) be a soft open set in (Y, % ,K), since f is a soft contra-continuous
mapping. then f_'(H,K) is soft closed set. But we have every soft closed set
is SSlg-closed from Proposition(2.1.3) , then f'(H,K)is SSlg-closed, thus
f . is a contra-SSlg-continuous mapping. o

Remark(3.3.7):

contra-SSlg-continuous mapping = soft contra-continuous mapping

in general.

Example:

Let X={a,b,c} ,E = {ey, €2}, Y={hy, h,, hs}, K= {ky, ko},1 ={4.} and 1
={4., X. h3={4, Y., (GK)} be two soft topologies defined on X and Y
respectively , Where (GK) ={( k,{h}), (k.{h.h})}. define

69



Chapter Three :Soft strongly generalized continuous mapping with respect to an ideal in soft topological space

p:E—K such that p(e)=k, , p(E,)=k, and u:X—->Y such that
u(@) =h,,u(b)=h, ,u(c)=h .

Then , f :(X,t.EI) —(Y,9,K ) is a soft mapping and it is a SSIg-
continuous . Since , the soft open sets in (Y, $,K) are ¢, Y, and (G,K) ,then
f . '(4)=¢. is a SSIg-closed, f,'(Y.)=X. isa SSlg- closed .

BAGK)=1{( Kb}, (kARHD ={( & {c}), (e {ab}}= (HE),
int(H,E) =@, . then cl(int(H,E)) =4 , since X.is soft open set in (X,t,E,I)
which contains (H,E) and cl(int(H,E)) =#.. So cl(int(H,E))-X.e 1. Hence ,
(H,E) is a SSlg-closed . Therefore, f,'((G.K)) is a SSIg-closed set, thus f,, is
contra-SSlg-continuous.

But it is not soft contra-continuous since (G,K) is soft open set in (Y, 4

K) but (G, K)={(e {c}), (e {ab})} isnotsoftclosed setin (X,t,E,I)
. Therefore f_ is not soft contra-continuous . o

Remark(3.3.8):

The concepts of contra-SSlg-continuous and SSlg-continuous are

independent by the following examples.

Example :
Let X={a,b,c} E = {ey, &2}, Y={hy, hy, h3}, K={k;, ko},1 ={4.} and

1={4., X_,(FE) },$={4., Y., (GK)} be two soft topologies defined on X
and Y respectively , where (F.E)={( e {2a}), ( & {b.c}H} .(C.K)={( k {h
1), (k.. {h.h}}. Define p:E—K such that p(e)=k , p(e,)=k, and
u:X—-Y suchthat u(a)=h,u(b)=h, ,u(c)=h, .

Then, f :(X,t,El) —=(Y,$9,K) is asoft mapping and the soft open sets in
(Y,8,B) are 4, v, and (GK) then f (G K)=TF ({( k {n}), (k. {h.h

MY ={( & {a}), ( & {b.cH}= (F.E), then int(F,E)= (F,E) , then cl(int(F,E))
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=X¢ , therefore cl(int(F,E))- (F,.E) ¢ 1. Hence , (F.E) is not SSig-closed .

Thus f, is not contra-SSlg-continuous.
On the other hand, since f.'((G,K)) = (F,E) which is soft open set and

so it is SSIg-open set by Corollary(2.2.2). Therefore f  is SSIg-continuous.o

Example:
Let X:{a,b,C} E = {el, ez}, Y= {hl, h2, h3}, K= {kl, kg} , :{¢E} and

1= {4, X.,(F.E) },3={4., Y., (G,K)} be two soft topologies defined on X
and Y respectively , where (FE)= {( e {bc}), ( e {a}} (GK)=
{( k. {h}), (k, {h.h,}}. Define p:E—->K suchthat p(e)=k , p(e)=k,
and U:X—Y suchthat u(a)=h,u@)=h ,uc)=h, .

Then, f :(X,tEI) =(Y, %K) isasoft mapping and the soft open sets in
(Y, 9,K) are 4, Y, and (GK) then f *(4)=4 is a SSlg-closed ,
f i (Y)=X. is a SSlIg- closed and f, (G .K)="f({( k.{h}), (k. {h.h})}=
{( & .{a}),( e {b.c})}= (F,E) which is soft closed set in (X,t,E,I), therefore
by Proposition(2.1.3) we get that f '((G,K)) is SSlg-closed set, thus f, is

contra-SSlg-continuous.

But it is not SSlg-continuous since (G,K) is soft open set in (Y,%,K)
but TG K)=T{( k.{h}), (k{h.h}H}) ={( &{a}), ( & {bch}=
(F,E), then cl(int(F,E)*) =X_ _cl(int(F,E)°)- (F.E)° ¢ 1. Hence, (F.E)° is not
SSlg-closed , therefore f,'((G,K)) is not SSIg-open set, hence f, is not
SSlg-continuous . Thus f, is contra-SSlg-continuous but it is not SSIg-

continuous. o
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Proposition(3.3.9) :
Let f :(X,7,E)—>(Y,& K) is a soft closed mapping. If (G,E) is a

soft closed set in (X,t,E,l) , then f (G,E) is SS f  (I)g-closed in (Y, 4 ,K).

Proof :

Suppose that (G,E) is a closed SSlg-closed in (X,t,E,l) .
Let (H,K) be a soft open set in (Y,$,K ) such that f (G ,E)=(H,K) , then
f .(G,E) is soft closed set in (Y,%,K) and by Corollary(2.1.10) we get that
f.(G,E)isSSf (I)g-closed. O

Corollary(3.3.10):
Let f,:(X,t,El) =(Y,$,K) is a soft open mapping . If (G,E) is a

soft open set in (X,t,E,l) , then f(G,E) is SS f (I)g-openin (Y,$ K) .

Proof :
Itisclear.o
Proposition(3.3.11) :

Let f,:(X,7,E,1)—>(Y,& K) is a soft continuous closed mapping. If
(G,E) is a soft closed set in (X,t,E,l) and I={@z}, then f (G,E) isSSf  (I)g-
closed in (Y, 9% ,K).

Proof:

Let (H,K) be a soft open set in (Y, % ,K) such that f | (G,E)=(H,K),
then (G, E)Z f,,(H.K). Therefore cl(int(G, E)) — f,,' (HK)el since f, is
soft continuous and (G,E) is SSlg-closed set over X, then cl(int(G,E))Z

u (HK) since 1={@.}. Therefore cl(intf,, (G, E)) — (HK)e f,,,,(I) since
fpu 18 sOft closed mapping. Thus f,,, (G, E) is SS (1) g-closed Sét. O
Proposition(3.3.12) :

Let f,.:(X,7,E)—>(Y,8 ,K ) is an SSlg-continuous mapping. If

YcX, then f,,, |y is an SSlyg-continuous.
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Proof:

Let (H,K) be a soft open set in (Y, %,K ), then f}(HK) is SSIg —
openset over X . Then (fpu|y)‘1(H, K)is an SSlyg-open by
Theorem(2.1.20). Thus  f,,, |y is an SSlyg-continuous. o
Proposition(3.3.13) :

Let f,: (X,7,El)> (Y, 8 ,K) is a soft mapping. If YoX and f,,,|y, is

an SSlyg-continuous and Yz is an SSlg-closed, then f,,,, is an SSIg-continuous
mapping.
Proof:

Let (H,K) be a soft open set in (Y,$,K), then (fpu|y)‘1(H, K)is an
SSlyg-open, then{ (fpu|y)‘1(H, K)}* SSlyg-closed set. Therefore
fou (H,K) is SSIg — open set over X by Theorem(2.1.21). Thus f,, is an
SSlg-continuous mapping. o

Proposition (3.3.14):

Every soft g-continuous mapping is SSIg-continuous.

Proof:

Let f,:(X,t,E,l) —>(Y,¥,K) be a soft g-continuous mapping. Let
(H,K) be a soft open set in (Y, ,K ), since f, is a soft g-continuous
mapping. then f (H,K) is soft g-open set. But we have every soft g-open set
is SSlg-open from Corollary(2.1.10) , then f '(H,K)is SSlg-open, thus f is

a SSlg-continuous mapping. o
Remark(3.3.15):

SSlg-continuous = Soft g-continuous in general.
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Example:
Let X={a,b,c} ,E = {ey, &2} , Y={hy, hy, hs}, K = {ky, ko}, 1 ={4.},

and t = {4., X.,(FE) },$={4., Y., (G,K)} be two soft topologies defined
on X and Y respectively , where (F.E)={( e {ac}), (e..{ab}} and
(G K)={(k. {h.h,}), (k. {h})} Define p:E—-K suchthat p(e)=k,
p(e,)=k, and U:X —>Y suchthat u(@)=h,u®)=h,,u(c)=h, .

Then , f :(X,t,El) —(Y,9,K ) is a soft mapping and it is a SSIg-
continuous .

But it is not soft g-continuous since (G,K) is soft open set in (Y, 4 ,K)
since (V,E)’c (F,E) but cl(V,E)’=X, & (F.E). Hence f,'((G.K)) is not soft
g-open set. O
Proposition(3.3.16) :

Let f,:(X,t.EI) =(Y,$,K) be an SSlg-continuous mapping and
9.:(Y,$,K) —(Zn,H) is a soft continuous mapping . Then g o f_:
X,t,E,)>(Z,n ,H) is SSIg-continuous mapping .

Proof :

Let f :(X,t.El) —>(Y, %K) is a SSlg-continuous mapping and
g9,:(Y,$K) —>(Zn,H) is a soft continuous mapping. To prove that
(gof),, : (X,t.E,l)>(Z,7m7,H) is SSlg-continuous mapping .

Let (M,H) be a soft open set in (Z,77,H ) . Since g, is a soft continuous
mapping . Then g./(M,H) is soft open set in (Y, %#,K) and since f,, is SSIg-
continuous mapping and g, (M,H)is soft open set in (Y,4,K ) So
fo(@.(M,H)) is SSig-open set in (XTEIl) . Then
(9, °f )" (M, H)=f (g, )(M,H)). Hence, 9.°f, is SSlg-continuous

mapping . O
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Remark(3.3.17) :

If f.:(XtE—>(Y,$ K ) is a SSlg-continuous mapping and
g.:(Y,%K) ->(Z,n,H) is a SSlg-continuous mapping . Then g_o f_:
(X,t.E) —»(Z,17,H) need not to be SSIg-continuous.

Example:
Let X={ab,c} , Y={des} Z={rm,n}, E={e e}, K={k k} H=

{h.h} 1={¢} and let ox={q., X .(F.E)}, wv={4., Y. }, z={¢4., 2, .(GH)}
be a soft topologies defined on X, Y and Z respectively , where (F,E), (G,H)

are:
(FE)={(e {ab})(e.{chH} GCH={(h.{n}), (h{rM}H}.

Define f: (X,tx,E\l)=>(Y,7v,K) and g, :(Y,ty,K)—>(Z,1z,H) such that
p:E—K suchthat p(e)=k,, p(e,)=k, q:K—H suchthatq(k)=h |
qck,)=h,, u: X —Y such that u(@ =d,u(b)=s,u(c)=e and
oY —>Z suchthat o(d)=r ,o(e)=n,w(s)=m.

Now, g.(G.H)={( k. {&}), (k.{dsh} put (V.K)= {( k {€}),
(k, {d,s})} then (V,K)°= {( k, {d,s}), (k, {€})} we need to show that (V.,K)°
is SSIg-closed set in (Y,tv,K) , since the only soft open set in (Y,ty,K) is Y,
which contains (V,K)° , so int(V,K)* =¢, and cl(int(V,K)")) =4, , therefore
cl(int(V,K)")-Y, €1, hence (V,K)“is SSlg-closed set in (Y,ty,K). Thus g, is
SSlg-continuous.

Now, since the only soft open sets in (Y,ty,K) are 4 and Y., then
f.r(Y.)=X. and f (¢ )=¢ which are SSIg-open sets in (X,tx,E,I), hence
f . is SSlg-continuous.

Now g, -f, : XxE)—>(Z12H), (9, f.) (GH)= f}(9,.(G.H))

= T {(k.{&}), (k{dsHH={( & {c}), (e {ab})}, put (LE)={( & {°}), (&
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{a,b})}, then (LE)*={( e {a.b}), (&, {CH} and int(L,E)°=(L,E)° since (L,E)°
is a soft open set, then cl(int(L,E)%)= X., therefore cl(int(L,E)*)- (L,E)°¢! .

Hence (g,,- fpu)’l(G,H) is not SSlg-open set , thus g, -f, is not SSlg-

continuous mapping. o
Remark(3.3.18) :
If f,:(X,t.E1)>(Y,d K) is a continuous mapping and g_: (Y, % K

) —(Z,717,H) is a SSlg-continuous mapping. Then g o f_ :(X,t,E,l)—>(Z,7

,H) need not to be SSIg -continuous mapping we can see this from Example
of Remark(3.3.14).
Proposition(3.3.19) :

Let f :(X,.EI)—>(Y,%,K) be a SSlg-continuous mapping and
g.:(Y,%K )—>(Z,n,H ) be a soft contra-continuous mapping . Then
0,° f.:(X,t,EI)—>(Z,77,H) is contra-SSlg-continuous mapping .

Proof :

Let f : (X,t.EI)—>(Y,$,K) be a SSIg-continuous mapping and g, :
(Y, 9 K)>(Zn H) is a soft contra-continuous mapping . To prove that
0.0 f,.: XtEl)— (Z,7,H) is contra-SSlg-continuous mapping .

Let (M,H) be a soft open set in (Z,7,H ) . Since g, is a soft contra-
continuous mapping . Then g.(M,H) is soft closed set in (Y,4,K ) and
since f,, is SSlg-continuous mapping and 9, (M,H)is soft closed set in
(Y, & K), therefore f, (9 (M,H)) is an SSIg-closed set in (X,t.E,I). Hence
(9, f,.) (M, H) =1 (9.;(M,H)). Thus, 9, ° f,, IS contra -SSlg-continuous

mapping . O
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Theorem(3.3.20) .

Let f, :(X,n.EI) —(Y,9,K ) be a mapping from a soft space

(X,t,E,l) to a soft space (Y, ,K). If f, is SSIg-continuous mapping then
for each soft singleton (P,E) in X and each soft open set (O,K) in Y and
f,.(P.E)S(O,K), there exists a SSlg-open set (U,E) in X such that
(P,E)eU,E)and f, U,E)E(O,K),
Proof :

Suppose that f,, is SSIg-continuous mapping .

Let (P,E) be a soft singleton in X and (O,K) be a soft open set in Y such that
f.(P,E)2O,K). Then (P,E)cf '(O.K),but f,is SSlg-continuous

mapping and (O,K) be a soft open set in Y . By definition of SSig-continuous
mapping we get that f_’(O,K) is SSIg-open set in X . Put (U,E)= f(O,K).
Therefore,, (P,E)& (U,E) and (O,K)&f U,E).O

Remark(3.3.21):

The converse of Theorem (3.3.20) is not true in general.

Example:

Let X={a,b} E={e;, e} , , Y={d,c}, K={ky, ko}, | ={4.}, and =
={4., X, ,(F.E)},%={4., Y., (GK)} be two soft topologies defined on X
and Y respectively , where (F.E)={( e {b}), ( &,2)} , (GK)={( k.{d}),
(k,.Y)} define p:E—K such that ple)=k p(e,)=k, and
u:X —Y such that u@=d,u®)=c. Then, f :(X,t,EI) —>(Y, %K)
Is a soft mapping .
Since (G,K) is SSf (1)g-open and  f (G, K)=f ({( k.{d}), (x.Y)}) =
{( & ,{a}), ( &,X)} which is not SSIg-open set. So it is not SSIg-continuous
mapping.

On the other hand aeX and f (a,E)ZE(G,K)E7 and

a€{( e {a}), (& {a})} where {( & {a}), ( e {aH)} is SSIg-open set over X
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and @E)&{(e {a}), (e {ah} . f.{(e {a}), (e {ah}cf,.G.K). Also
beX and f_ (b,E)ZY,, while X, is SSlg-open set and (,E)cX,,
f (XY, .o

Proposition(3.3.22) :

Let f :(X,t.El) >(Y, %K) be a mapping from a soft space (X,t,E)
with an ideal | to soft space (Y,$,K ).Then the following statements are
equivalent :

1- f,. is SSIg-continuous mapping .
2- the inverse image under f,, for any soft closed set over Y is SSlg-

closed set over X .
proof :

(1)=(2)

suppose that f,, is SSlg-continuous mapping .

To prove that the inverse image under f, for any SSlg-closed set over Y is
SSlg-closed set over X . Let (F,K) be a soft closed set over Y .We have to
show that f.'(F,K) is SSlg-closed over X . Since (F,K)e $°, then (F,K)°)e 9.
Because f, is SSlg-continuous mapping .

Then fJ(FE)° is SSlg-open over X and by Theorem(3.2.6) we have

fo(F.K)® = (f. (FK))°. Hence, f. (FK)is SSlg-closed over X .

(2)=()

Suppose that the inverse image under f., of any soft closed set over Y
is SSlg-closed set over X and to prove that f,, is SSIg-continuous mapping .
Let (F,K) be a soft open set over Y .We have to show that f,, (F,K) is SSlg-
open set in X . Since (F,K) is a soft open set over Y , then (F,K)® is a SSlg-
closed set over Y . Then f.'(F,K)is SSlIg-closed set over X and f,, (F,K)°
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= (f.(F.K))®. Hence, f.'(FK) is SSlg-open set over X . Therefore, f, is

SSlg-continuous mapping . &

In general topology, it is Known that ( f is continuous if and only if
cl(f Y(A,E))&f I (A,E))

Proposition(3.3.23) :

Let f, :(X,t.El) —>(Y,4,K ) be an SSlg-continuous mapping. If
(AE) is any soft set over X, then f  (cI"(A,E))ccl (f , (AE)) .

Proof :

Let (AE) be any soft set over X | Then f,(AE) is a soft set over Y
and cl(f,(AE)) is soft closed set over Y. But f, is a SSlg-continuous
mapping . Then f (" (f,(AE)is a SSig-closed set over X . Then
c"(f e, (AEN=f (A E)) by Theorem(2.3.4).

Then (A, E)S T ((F,, (A E)EF Sl (f (A E)) and (AE)cT JCI(f, (A E))
Therefore cl"(A,E) el (f el (F,, (A E)) =f I (F , (AE)) .
Thus, f " (A E)ccl(f (A E)) O

Remark (3.3.24):
f N (" (A,E))=cl (f " (A,E)).

Example:
Let X={a,b,C} ,E = {el, ez} , Y={h1, h2, hg}, K = {kl, k2},| ={¢E},
and t={4., X, ,(FE)},%={4., Y., (GK)} be two soft topologies defined

on X and Y respectively, (F.E)={( e {b}), (e {acP}, (GK)={( k. {h}),
(k,.{h,.h,})} , define p:E—-K suchthat pe)=k , p()=k, and

u:X —Y such that u(@=nh,u()=h, ,uc)=h, . Then, f : (X EIl) —

(Y, % ,K) is a soft mapping .
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Since £,°(G.K)= £,/ ({( k {n}). (& {0 DD ={( &0}, (& {ac ]}
=(F,E) which is soft open set, so it is soft continuous mapping .

Now, let (AE)={( e, X), ( &,,{a.b})} be a soft set in X . The SSlIg-closed
sets containing (A,E) are :

(AE) and X, . Then cl"(A,E)=(AE) . We have f_(AE)={(k,Y),
(k,{h.h})}. Thencl(f ,(AE))=Y,, Hence, f  (l"(AE) &Y, =cl(f, (A E))
, Which mean that cl(f , (A,E))&(f ¢l (A,E)).O

Remark(3.3.25) :
f.Cl"(AE)=cl(f (A E))

Example:

Let X={a,b} .E ={e1, e} , Y={h;, ho}, K={ky, ko}, | ={4.} and 1=
{4., X, ,(FE)}2,9={4., Y., (G,K)} be two soft topologies defined on X and
Y respectively , where (F.E)={( e,¢), ( & {OD}, (G,K)={( k.Y), (k.
{h.})}, define p:E—K such that p(e)=k , p(e)=k, and U:X =Y
such that u(@=h, u®)=h,. Then, f :XzEI) —>(Y,9K) is a soft
mapping. Since f (G, K) =T ({(k,Y),(k. {n D} ={(& . X),(e..{a P} which
IS not SSlIg-open set. So it is not SSIg-continuous mapping .

On the other hand for each soft set (A,E) in SS(X,E) ,then

f o Cl"(AE))&cl(f ,(AE)).O
Proposition(3.3.26) :

Let f,:(X,t,E,l) = (Y,$,K) be a SSlg-continuous mapping. If (A,E)

is any soft set in X ,then f *(int(A,E)Sint (f,' (AE)) .
Proof :

Let (A,K) is any soft set in (Y, #,K ). Then int(AK) is a soft open set
in (Y,4,K). But f, is SSlg-continuous, so f}(int(A,K)) is SSlg-open by
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Theorem(2.2.8) we have f, (int(A,K))= int f.(int(A,K)). But int(AK)E
(AK), then T (int(AK)E . (AK). Hence, T, (int(AK))< int” £, (AK). O
Remark(3.3.27):

In proposition(3.3.26), f ' (int(A,E) = int (f .’ (A,E)) in general.

Example:
Let X={a,b} ,E = {es, 2}, Y={d, c}, K={ky, k.}, I ={.} and t =

{¢6., X_.(F.E)},9={4., Y., (GK)} be two soft topologies defined on X and
Y respectively , where (F.E)={( e {b}), ( &,9)} , (GK)={( k. {d}),
(k,.Y)} , define p:E—K such that p(e)=k , p(e)=k, and
u:X —Y such that u@=d u®)=c. Then, f :(XEI) —>(Y,3K)
is a soft mapping . Since f (G K)=Tf ({( k. {d}), (k..Y)}) ={( & {a}),
( &,X)} which is not SSIg-open set. So it is not SSIg-continuous mapping.

On the other hand for each soft set (AK) in SS(Y,K) ,then
we get T, (int(AK)) € int’ f}(AK). O
Remark(3.3.28):

In Proposition(3.3.26), f ' (int(A,E) # int (f ' (A,E)) in general.

Example:

Let X={a,b} E={e;, e} , Y={d,c}, K={k,, ko}, I ={4.} and t=
{¢., X_ ,(FE)},%={4, Y., (GK)} betwo soft topologies defined on X and
Y respectively , where (F.E)={( e {a}), ( &, X} , (G,K)={( k. {d}),
(k,Y)} , define p:E—-K suchthat p(e)=k |, p(e,)=k, and
u:X =Y such that u@=du®)=c, Then, f :(XzEIl) —(Y, 3 K)

is a soft mapping . It is clear that f,, is an SSig-continuous mapping .

On the other hand let (A,K) be soft set in SS(X,E) such that (A,K) =
{( %, {d}), ( k,,#)} then int(A,E) =4, so f '(int(A,K)) =4, and f '(A,K)=

81



Chapter Three :Soft strongly generalized continuous mapping with respect to an ideal in soft topological space

{(e. {a}), (e.,¢4)}, so int'f J(AK)=f "(A.K)={(e, {a}), (e.,4)} therefore
int” fX(AK)Z . (int(AK)). O
Proposition(3.3.29) :

Let f,:(X,t,EJl) —>(Y,%,K ) be a SSlg-continuous mapping. If
(AE) is any soft set in over X , then int(f ,(A,E)) &f , (int"(A,E)) |

Proof :

Let (A,E) be any soft set over X . Then f,(AE) is a soft set over Y
and int(f ,(A,E)) is soft open set over Y. But f, is a SSlg-continuous
mapping . Therefore f '(int(f  (A,E))is a SSlg-open set over X. Then
int'(F (nt(F , (A, E)=f 2nt(F ,,(A,E)) by Theorem(2.2.8).
int’(f ' (int(f , (A, E))) Sint'(F ' (F,, (A, E)) cint’ (A, E) , thereforef . (int(f ,, (A, E)))
Zint'(A,E). Thus int(f ,, (A,E))&f . (int"(A,E))

Remark(3.3.30):
int(f, (A,E)) =f,(int"(A,E)) in general.

Example:

Let X={a,b} E={e;, e}, Y={d, c}, K={ky, ko}, | ={¢.}, and t=
{4., X, (FE)},3={4 ., Y., (GK)} betwo soft topologies defined on X and
Y respectively , where (F.E)={( e {b}), ( &,4)} , (G,K)={( k. {d})
(k,Y)} , define p:E—-K suchthat p(e)=k , p(e)=k and
u:X —Y such that u@-=du®)=c, Then, f :(XEI) (Y, K)
is a soft mapping . Since f '((G,K)=Tf){( k. {d}), (x..Y)}) ={( & {a}),

( &,X)} which is not SSIg-open set. So it is not SSIg-continuous mapping .
On the other hand for each soft set (A,E) in SS(X,E) ,then
int(f ,, (A,E))EF , (int"(A,E)) .0

=" pu
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Remark(3.3.31):
int(f, (A,E)) =f , (int"(A,E))in general.

Example:

Let X={a,b}, E ={es, e}, Y={d,c}, K={k;, ko}, | ={¢.} and 1=

{¢., X. ,(FE)},3={4., Y., (GK)} betwo soft topologies defined on X and

Y respectively, where (F,.E)={( e {a}),( &, X}, (G,K)={( k.{d}).(k..Y)} ,

define p:E—K suchthat p(e)=k, p(e,)=k, and u:X—Y such that

u@=d,u)=c, Then, f :(X,tEI) —>(Y,9 K)isasoft mapping . Itis
clear that fpu Is an SSIg-continuous mapping .

On the other hand let (A,E) be soft set in SS(X,E) such that (A,E) =

{( & {a}), (& {b})} then int (AE) ={( e, {a}), ( & {b})}, 50 f,.(int"(A,E))=

{(kdD), (ko gep}and £, (AE)={( k. {d}), ( k. {ch)} SO intf,(AE)=4,
, therefore f , (int" (A, E)) &int(f ,(A,E)).O

Definition(3.3.32) :
Let (X,tx,A,l) and (Y,ty,B) be two soft topological spaces. Let fpu

(X, ©x,A) > (Y, tv ,B ) be a mapping. If f '((G,B)) is a SSlg-open set over
X for each SSlg-open set (G,B) over Y, then fIou is said to be SSlg-irresolute
mapping.

Proposition(3.3.33) :

Every SSlg-irresolute mapping is an SSIg-continuous mapping.

Proof:

Let (X,tx,Al) and (Y,ty,B) be two soft topological spaces. Let fpu:
(X, ©™x,A) —» (Y, v ,B ) be an SSIg- irresolute mapping. To show that fpu

SSlg-continuous. Let (G,B) be a soft open set over Y. Then by
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Corollary(2.1.4), (G,B) is an SSlg-open set over Y. Since fIOu Is an SSlg-
irresolute. Then f *((G,B)) is a SSlg-open set over X. Therefore, fIDu IS an

SSIg-continuous mapping. o
Remark(3.3.34) :
The SSlg-continuous mapping need not be SSlg-irresolute mapping in

general.
Example:

Let X={a,b} E={e;, e} ,Y={d, c}, K={k;, ko}, | ={4.} and 1=
{¢., X, ,(FE)} %= {4, Y.} be two soft topologies defined on X and Y
respectively , where (F,E)={(e, {b}),(e,,¢)} define p:E—K suchthat
p(e)=k , p(e,)=k, and u:X—Y suchthat u(@a)=d,u)=c,
Then, f :(X,t,El) >(Y, 9 K)isasoft mapping . Itisclearthat f  is

an SSlg-continuous mapping. But f  is not SSlg- irresolute mapping since

pu

(G.K)= {( k,{d}), (k,.Y)} is an SSlg-open set over Y, but f '((G,K))="f {(

u

k. {d}), (k..Y)}) ={( e {a}), ( &,X)} which is not SSIg-open set over X. O
Remark(3.3.35) :

The notions SSlg-irresolute mapping and soft continuous mapping are

independent. We observe that in Example of Remark(3.3.34), that f , is
SSlg-continuous mapping but f  is not SSIg- irresolute mapping. Also in the
following example it is shown that f  is SSlg- irresolute mapping but f , is

not SSIg- continuous mapping.

Example:
Let X={a,b} E = {e1, e2}, Y={d, c}, K={k;, kz.}, I ={¢.} and 1=
{6, X.},%= {4, Y. ,(GK)} be two soft topologies defined on X and Y
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respectively , where (G,K)= {( k {d}), (k,.Y)} define p:E—K suchthat
p(e)=k , p(e,)=k, and u:X —>Y suchthat u(@a)=d,ub)=c,

Then, f :(X,t,EI) —>(Y, 4 ,K)isasoft mapping . Since f (G K)=f
{( k., {d}), (k. Y)}) ={( & .{a}), ( &,X)} which is not SSlg-open set over X.
Therefore f  is not SSIg-continuous mapping. But f  is an SSIg- irresolute
mapping , since the inverse image under f  for every SSlg-open set, (SSlg-

closed set),over Y is an SSIg-open set, (SSlg-closed set) . O

Definition(3.3.36) :
Let (X,tx,Al) and (Y,7v,B) be two soft topological spaces.
Let fpu: (X, tx,A) - (Y, tv ,B ) be a mapping. Then fIou Is said to be SSlg-

homeomorphism mapping if it is bijective, SSlg-open(SSlg-closed) and SSlg-
continuous.
Remark(3.3.37):

We say that (X,tx,A,l) is an SSIg-homeomorphic to (Y,ty,B) if there exists

fpu: X, ©,A) - (Y, tv ,B ) is an SSlg-homeomorphism and denoted by

XAl = (Y,v,B) .
Example(3.3.38)
Let X={a,b} E = {es, e}, Y={d, ¢}, K={k;, k.}, | ={4.} and t =

{6., Xx.},9= {¢., Y.} be two soft topologies defined on X and Y
respectively, define p:E—K such that p(e)=k , p(e)=k and
u:X —Y suchthat u(@=d,u()=c.

Then, f, :(X;tEl) —(Y,$ K)isan SSlg-homeomorphism, o
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Note(3.3.39):
In the following diagram we discuss the relation between the kinds of
soft mappings

Soft continuous —— SSig-continuous <> Contra-SSlg-continuous

N

SSlg-irresolute

Future work : In the future we can use the SSlg-open set to
define SSlg-compact (connected, paracompact...etc), also we
can define SSIg-T; where i=1,2,3,4. On the other hand we can
discuss the relation between SSlg-open set with other types of
soft open sets in a soft topology.
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